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Abstract

The purpose of this research is to formalize forcing and iterated forcing
in the Boolean algebras language. We present the argument principally
trough the study of Boolean valued models, regular embeddings and pro-
jections between complete Boolean algebras, and iterated systems of com-
plete Boolean algebras.

Introduction

This work in divided in four parts. For the first two chapters we refer to
[1], [2] and [4], for the last two chapters we refer to [5] and [6].

In the first chapter, we introduce as preliminary notions: posets, lattices
and Boolean algebras.

They constitute the matter of Sections and In particular, in
Section |1.3| we present in detail the relation between posets and complete
Boolean algebras.

We first prove that every poset P can be refined (Lemma(l.3.11). Conse-
quently, we show in Theorem that:
for every poset P there is a complete Boolean algebra B, unique up to isomorphism,
and amap j : P — B such that:

e j[P] is dense in B;
e j is order preserving;

o Vp,q€ P(p | g« jlp)Ajq) #0s).

To obtain this result we use a topological approach, defining on P the
order topology, with base O, = {q € P : g < p}, and we then consider the
regular open algebra RO(P).

In the second chapter, we introduce Boolean valued-models. We make,
by transfinite recursion, the construction of V(@) and thus of VB (Section
. We give then a Boolean truth value -] to each B-sentence (Section
, and we expose basic results on V® (Section .

In Section we prove that if B is a submodel of B, then VB is a sub-
model of V® (Theorem . This fact will be useful to prove that V is
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canonically identified with a submodel of every VB, (Theorem ) as-
signing a standard representative £ to any element x € V.

Finally, in Section 2.5 we prove the Mixing Lemma (Lemma [2.5.2), in order
to get the Maximum Principle (Lemma that states that \/,,cys [¢(u)] is
actually attained at some element u € V5.

In the third chapter, we define reqular embeddings and projections be-
tween complete Boolean algebras.

We prove that for any regular embedding i there is an associated pro-
jection 71; (Proposition 3.1.5), and vice-versa (Proposition[3.1.7). Analyzing
these maps we prove a variant of the Mixing Lemma (Lemma 3.2.2):
Assume i : B — Q is a regqular embedding. Let | be a canonical name for the dual
ideal of the filter generated by i[Gp]. Forall @ € VB such that [a € (Q/])T1p =
1g, there is a unique r; € Q such that

7'((7’5',) = 11]3,'

[a = [ra] ;1B = 1p.

Finally, in the last chapter, we present first of all iteration systems of com-
plete Boolean algebras 7 = {iyp : By — Bg : a < B € 6} (Section .
In particular, we study the set of all threads T(F) and the set of constant
threads C(F). Then we summarize the general iterated forcing (Section[4.2)
and we start a comparison of the two constructions (Section [4.3).



Chapter 1

Posets and Boolean algebras

In the current chapter we introduce posets, lattices and Boolean algebras.
There are two main objectives. The first is to define the notion of complete
Boolean algebra through the definition of lattices, and thus posets, and to
present some basic properties. The second and more interesting purpose is
to show how a partially ordered set can be uniquely embedded in a com-
plete Boolean algebra, up to isomorphism.

1.1 Posets

In this section we summarize basic facts about partially ordered sets.

Definition 1.1.1. A partially ordered set or a poset (P, <p) is a set P together
with a binary relation <p on P which is transitive and reflexive.

Observe that <p may not be a total relation, that is, not every couple of
elements of P are comparable. If no confusion arises we simply write <
instead of <p .

Definition 1.1.2. Let (P, <) be a poset. Two elements p,q € P are said to be
compatible , written p || g, if thereis a r € P such thatr < p and r < q. Two
elements p,q € P are said incompatible p L g if they are not compatible.

Definition 1.1.3. We say that a subset A C P is an antichain if
Vp,g € Alp L q).

Definition 1.1.4. A maximal antichain is an antichain that is not a proper
subset of any other antichain.
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Definition 1.1.5. A subset D C P is dense in P iff
Vpe P3de D(d <p).

Definition 1.1.6. A subset D’ C P is predense in P iff
VpeP3IdeD (d] p).

Proposition 1.1.7. Every dense set D C P contains an antichain A C D, which
is maximal in P, with respect to inclusion. Conversely, every maximal antichain
A C P is predense in P and the downward closure of A is dense.

Proof. We begin with the second assertion. For every p € P we have two
choices: p € A or p ¢ A. For the last case, by A maximality, it can not
happens that foralla € A, p L a. So thereisa € A such thata || p. Thus A
is predense. Remark that the downward closure of a predense set is dense,
thus A’ ={p e P:3Ja € A(p <a)}isdense.

Consider now a dense subset D C P. By Zorn’s lemma there is a max-
imal antichain A C D. We show that A is a maximal antichain for P too.
That is, every p € P is compatible with each a € A.

To this aim, fix an arbitrary p € P, by D density, thereisa d € D such that
d < p. By A maximality in D, we have that foralla € A, a || d. Thus for
every a € A, thereisar € Psuch thatr < aandr < d. The last condition
implies that » < p. Thus a || p for every a € A, as we wanted. O

We present now the definitions of ideal and filter, that are dual to each
other. Compare these definitions with the ones for Boolean algebras (Defi-

nitions[1.2.16|and [1.2.17).

Definition 1.1.8. A set I C P is an ideal in P if for all a,b € I and for all
peP:

(i) deel(a<cAb<c);

(i) p<a=pecl

Definition 1.1.9. A set F C Pisafilterif forall f,g € Fand forallh € P:
(i) IreF(r<fAr<g);

(i) f<h=heeF.
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1.2 Lattices and Boolean Algebras

In the following, we describe lattices and we define Boolean algebras as
complemented distributive lattices.

Definition 1.2.1. A lattice is a nonempty partially ordered set L with partial
ordering <; in which each two-element subset {x,y} has a supremum or
join , x Vy, and an infimum or meet, x A\ y.

Definition 1.2.2. A top element of a lattice L is an element denoted by 1,
such that x <; 1; for all x € L. A bottom element is denoted by 0r and is
such that 0;, <y x for all x € L. A lattice with top and bottom elements is
called bounded.

In a bounded lattice it is easy to see that the following hold:

xV0L=x, xN1p =x,
xVx=x, XAX =X,
xVy=yVx, XANYy=YyAx, (1.1)
xV(yVvz)=(xVy)Vz, xAYyAz)=(xAy) Az
(xVy)Ay=y, (xAy)Vy=y.
Conversely, we can create a lattice by the equations in (1.1), in the fol-

lowing way.

Remark 1.2.3. Suppose that (L,V,A,0r,1;) is an algebraic structure with

V and A binary operations that satisfy (1.1). Define the relation <; on L by
x<pyiffxAy=y. (1.2)

Then (L, <) is a bounded lattice in which V and A are respectively the join
and meet operations, and 1; and 0, the top and bottom elements. This is
the equational characterization of lattices.

Definition 1.2.4. A lattice is said to be distributive if the following identities
are satisfied:
xA(yVz)=(xAy)V(xAz), (1.3)
xV(yAz)=(xVy) A(xVz). (1.4)
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Remark that and are equivalent. For example, assuming (1.3), we
have:

(xVyY)A(xVz)=[xA(xVz)]VIyA(xVz)]
=xV[yAx)V(ynz)
=[xV({yAx)]V(yAz)
=xV (yAz).

Definition 1.2.5. Let L a bounded lattice. A complement for an element a €
Lis an element b € L satisfying;:

aVvb= 1L;
aANb= OL.
Complement elements, if they exist, may not be unique. However, the fol-

lowing proposition proves that, if a lattice is distributive, complements are

unique.

Proposition 1.2.6. In a distributive lattice an element can have at most one com-
plement.

Proof. If b, c are complements of an elementa € L, thenaVb =aVc =1
andaAb=aAc=1;. We deduce:
b=bVv0L

=bV(aNc)

=(bVva)A(bVc)

= 1L V (b\/C)

=bVe.
Similarly ¢ = ¢V bso that b = c. O

We will often use the sign —a to design the complement of a.

Definition 1.2.7. A lattice is called complemented if it is bounded and each
of its elements has a complement.

Definition 1.2.8. A lattice L is complete if every subset X = {x;:i € I} C L
has an infimum A;c; x; and a supremum \/;c; x;. If X = @ and is L com-

ANo=1, \Jo=0..

plete, then:
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Notice that for a lattice to be complete, it suffices that every subset have a
supremum, or every subset an infimum. For the supremum (infimum), if it
exists, of the set of lower (upper) bounds of a given subset X is the infimum
(supremum) of X.

We turn finally to the definition of Boolean algebras collecting the argu-
ments so far seen.

Definition 1.2.9. A Boolean algebra B is a complemented distributive lattice.
If in addition B is also complete, we have a complete Boolean algebra.

In a complete Boolean algebra we have the following identities:

=(V xi) = /\ ~xi, (A x) =\,

icl icl icl icl
xANyi =\ (xAy), xV Ayi= NxVy).
iel iel i€l iel

Remark 1.2.10. Equivalently, it is possible to describe a Boolean algebra
by equational characterization. In this case a Boolean algebra is a six-tuple
(B, A, V,—,0p,1p) consisting of a set B, equipped with two binary opera-
tions A and V, a unary operation — and two elements O and 1, such that
for all elements 4, b, c € B, the following axioms hold:

aV(bVve)=(aVvb)Vc associativity
aN(bAc)=(aANb)Ac
aV(bAc)=(aVb)A(aVc) distributivity
aN(bVec)=(anb)V(anc)
avVb=bVa commutativity
aANb=bAa
aVOg=a identity
aNlg =a
aVv-a=1p complements

a/N—a=0g

Definition 1.2.11. A complete Boolean algebra B’ is said to be a complete
subalgebra of B if B’ is a subalgebra of B and for any X C B/, \/ X and A X
formed in B’ are the same as those formed in B.
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Definition 1.2.12. If B is a Boolean algebra, let BT = B\ {0} denote the
set of all nonzero elements of B.If a € BT, theset B [a={u € B:u < a}
with the partial order inherited from BB, is a Boolean algebra.

Definition 1.2.13. An element ¢ € B is called an atom if it is a minimal
element of BT; equivalently, if there is no x such that 0 < x < a.

Definition 1.2.14. A Boolean algebra is atomic if for every u € BY there is
an atom a < u; B is atomless if it has no atoms.

Definition 1.2.15. If W C B™ is an antichain and if \/ W = u then we say
that W is a partition of u. A partition of 1p is just a partition or a maximal
antichain.

Let us now define ideals and filters for Boolean algebras. Remark that if
we define a partial order as in we turn to definitions (1.1.8) and (1.1.9).

Definition 1.2.16. A set I C B is an ideal in B iff
(i) Op e Iand 1 ¢ I;
(ii) ifa,b € I, thenaVb € I;
(iii) ifa € Tand b € B, thena A b € I.
Definition 1.2.17. A set F C B is a filter in B iff
(i) 1 € Fand Op ¢ F;
(ii) ifa,b € F,thena A b € F;
(iii) ifa € Fand b € B, thena Vb € F.

Definition 1.2.18. A set U C B is an ultrafilter in B if and only if U is a filter
and
VpeB:pecUor—pecl.

The dual notion is a prime ideal : for every b € B, b € I or =b € I. One can
see that an ideal is a prime ideal (and a filter is an ultrafilter) if and only if
it is maximal. By AC, every ideal (filter) on B can be extended to a prime
ideal (ultrafilter). Also, an ideal I is prime if and only if the quotient of B/ I
is the trivial algebra {Op, 15 }.

At this point let us say a few words about quotient algebras.
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Definition 1.2.19. If I is an ideal of B, the quotient B/ is the quotient of B
with respect to an equivalence relation defined by:

[a] = [b]iff aAb € I,

where aAb = (a A —=b) V (b A —a). The operations in B/ I are:

[a] Ag/1[b] = [a AB D], Op/r = [OB],
[a] V1 [b] = [a VB D], Ig/r = [1B],
—B/10a] = [-Bal.

We conclude the section with algebras homomorphisms.

Definition 1.2.20. A homomorphism between two Boolean algebras B and Q
isa function & : B — Q such that for all a,b € B, h satisfies (by De Morgan’s
laws) either of the two equivalent conditions:

~h(a);

(i) h(aAb) =h(a) ANh(b) and h(—a) =
(i) h(aVvb) = h(a)V h(b) and h(—a) = —h(a).
(

It then follows that 1(0p) = Og and h(1g) = 1g.

The kernel h™1[0g] = {x € B : h(x) = 0Oq} is an ideal, and the hull
h~1g] = {x € B: h(x) = 1g} is a filter in BB.
Moreover, we have that h is injective iff h=1[0] = {0}, or, equivalently,

h=1[1] = {1}. A bijective homomorphism is called isomorphism.
The map f : B — B/I given by h(a) = [a] is a homomorphism onto B/
called the canonical homomorphism.

Definition 1.2.21. A homomorphism / of Boolean algebras is complete if for
every A C B for which \/ A exists,

\/{h(x) : x € A} exists and h(\/ A) = \/ h[A]
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1.3 Boolean completions of posets

The purpose of this section is to show that each poset P has a Boolean com-
pletion B(P) which is unique up to isomorphism. We will construct the
Boolean completion B(P) of P that will be the regular open algebra RO(P).
Of course the approach we deal with is topological. We first work with re-
fined posets and show that they have Boolean completions. Then, we show
how to map a poset to a refined poset and thus prove the existence of the
Boolean completion of any poset.

Definition 1.3.1. A poset P is refined if

Vp,gePlgtp—3p <q:pLp]

Thus P is refined if, whenever g is not a refinement of p, g4 has a refinement
which is incompatible with p.
We need a topology on P, the order topology.

Definition 1.3.2. For each p € P, put

Op={q€P:q<p}

The O, form a base for a topology on P called the order tovology.
P pology pology

Figure 1.1: O, in a binary tree

Definition 1.3.3. Consider P with the order topology, then the reqular open
algebra RO(P) is the complete Boolean algebra of regular open sets of P,
partially ordered by inclusion. Recall that a set R C RO(P) is regular open
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if R = R. The algebraic operations in RO(P) are VU,V € RO(P),V{U; :i €
I} CRO(P):

Oro(p) = @, lrorp)y =P,
uvv=uuv, UAV=UNV,
\/Ul-: UUZ', /\ui: (ﬂui)or
icl icl icl icl

_‘Ro(p)u == (P \ U)O.

We prove that RO(P) is indeed a complete Boolean algebra. We first
verify that the operations defined return regular open sets. For Lemma

and Proposition we refer to [3].

Lemma 1.3.4. The right sides of the operations presented in Definition are
regular open sets.

Proof. It is convenient to define, for every set V C P,
Vt=P\V

Thus V = V' since the interior of a set V' can be regarded as P\ P\ V.
So we must check that for U, V regular open the following are regular
open:

(i) &;

(ii) P;

(iii) UNV;
(iv) (LU V)L
v) U-.

For (i) and (ii) this is obvious.
To prove (iii)-(iv)-(v), let us first express some considerations.
First of all, remark that the closure preserves inclusions but complementa-

tion reverse them. So we have

ucv-—vtcut (1.5)
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Subsequently, assuming U open, we observe that, since U C U then U+ C
P\ U.

Since P\ V is already closed, it follows that U+ C P\ U.

By complementation we get:

ucutt (1.6)

Now, if U is open, applying to we get U+++ C UL,
Conversely applying to U+ we get U+ C U+,
Thus, for U open:
U =u* (1.7)

By we conclude that (iv) and (v) are regular.

In order to prove , we show that, for U, V open:
unv)ytt =uttnvtt (1.8)
SinceUNV CUand UNV C V, by (L.6), it follows that:
Unvcutt and UNVCVH,

hence UNV C Ut NV,

Conversely, UNV C (UNYV). (If W is a neighborhood of a point of
U NV then sois WN U and this imply that W N U meets V, or equivalently
that W meets U N V).
Complementing we get (UNV)+- C (P\U)U V™.
Applying closure and complementation it follows
P\ (P\UUVL) C (UnV)+t
(P\P\U)NnVHc(unv)tt

unvttcunv)tt (1.9)

An application of with U+ in place of U, followed by an applica-
tion of interchanging U and V yields:

uJ_J_ N VJ_J_ g (uJ_J_ N V)J_J_ g (uﬁ V)J_J_J_J_

By (L7):
u--nvtcunv)t,

as was to be proved. O
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Proposition 1.3.5. RO(P) is a complete Boolean algebra.

Proof. RO(P) is alattice: We verify the laws on the operations.
e Idempotency of V and A: Clearly, U = UAUand UV U =
(Uuu)tt = U+t = U, since U is regular open.
e Commutativity of the binary operations are obvious.

e Associativity of A is clear. Associativity of V :

Uv(VVW) = (Uu(Vuw)th)+tt

_ uJ_m(VUw)J_J_J_)J_
utn(vuw)h)+

= (UtnWvtnwi)t

(

(Uuv)tnwht
(uu V)iLL N WL)L
(uuv)Htuw)tt
Uuvv)vw.

¢ Finally, we verify the absorption laws. First,

UAUVV)=UNnUUV)H
=uttnuuv)tt
= (UtuUuuv)hHt
= (UtuUtnvH))*t
= (UH)*
=U.

Second, UV (UAV) = (UU(UAW))H =Ur =U.

RO(P) is complemented: First, itis easy to see that @ and P are the bottom
and top elements of RO(P). Furthermore, for any U € RO(P), U A
U=UnUu+=uUun(P\U) CUN(P\U) =@. Finally, UV U’ =
(uuuhH)H = UutnuthH)t = Urnu)t =0t =r.
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RO(P) is distributive: We do this by direct computation:
UA(VVIW)=UN(VUW)*+
=uttn(vuw)tt
= (Un(Vuw))tt
UNV)U UMW)

= ((
(UAVYUUAW))
=UAV)V(UAW);

UV (VAW) = (UuU(VNWw))tt

(u
=((UUV)N(UUW))*t
=(Uu UV)MG(UUW) L
=UVV)ANUVW).

Completness: Let K = {U; : i € I} € RO(P),and V = (U;c; U;)*+. For
any i € I, U; C Uje; U; so that U; = U C (Ui Ui)*t = V. This
shows that V' is an upper bound of elements of K. If W is another
such upper bound, then U; C W, so that [J;c; U; € W, whence V =
(Uie; Ui)*+ € WL = W. The infimum is proved similarly.

Since a complete complemented distributive lattice is a complete Boolean

algebra the proof is done. O

Definition 1.3.6. A subset X of a Boolean algebra B is dense if Og ¢ X and
for each Og # b € B there is a x € X such that x < b.

Lemma 1.3.7. (i) P is refined iff O, € RO(P) forall p € P.

(ii) If P is refined, the map p — O, is an order isomorphism of P onto a dense
subset of RO(P).

Proof. (i) First of all, it is useful to study how the interior of the closure
of a subset X C P is made. In the order topology, the least open
containing p € P is Op. The closure of X is constituted by all p € P
such that, for all open O € RO(P) containing p, O N X # @. Remark
that O, C O for all open O such that p € O. We must then have

X={peP:0,nX+0}.
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Now, the interior of X is the set X of points g € P that have a neigh-
borhood completely contained in X. That is:

X={geP:0,CX} (1.10)
Remark that:
0, € Xiff ¥p' € Oy (O NX # O)
iff Vp' <q3re X(r <p').
Thus,

iz{qGP:Vp'SqEIVEX(VSp’)} (1.11)
If we choose X = Oy in we get that:

O, =1{geP:vp <q3r <p(r<p)}

/ / (1.12)
={geP:vp <qlplp))

Since O, is open we have certainly O, C ﬁp. Suppose now that P is

refined, if g ¢ Oy, then g £ p, so thereis p’ < g such that p L p’ and

by lb q ¢ O,. Therefore O, = Oy, thatis, O, € RO(P).

Conversely, if O, € RO(P), then O, = ﬁp, so by 1}
q¢p—q9¢0, >q¢0, = 3Ip<q(pLp) 0
P is then refined.

(ii) Let p,q € P such that p < g, then O, C O, and the map p — O, is
order preserving. To show that the map is an isomorphism, let O, =
Oy. If, by contradiction, p # g then suppose q £ p. As P is refined,
there is some g’ < g such that g’ L p. Thus there is some q' € O, such
that g4’ ¢ Oy, and hence O, # O,.

The density of P is easy to prove. We show that for every @ # R €
RO(P), thereisa p € P such that O, C R. That is immediate by (1.10):
if R # @, then dp € Rand O, C R.

Corollary 1.3.8. P is refined if and only if is order isomorphic to a dense subset of
a complete Boolean algebra.
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Proof. 1f P is refined, then by Lemma (i), P is order isomorphic to a
dense subset of the complete Boolean algebra RO(P).

Conversely, suppose that P is order isomorphic to a dense subset D of a
complete Boolean algebra B. We may identify P with D. If p, g € P are such
that g £ p, then g Ag —p # Op. Since P is dense, there is p’ € P such that
P’ <B q A —p. We have then p’ < gand p L p’. Therefore P is refined. [J

We now prove that a Boolean completion of a partially ordered set is

unique up to isomorphism.

Definition 1.3.9. We say that a pair (BB, e) is a Boolean completion of P if the
following conditions are met:

(i) Bisa complete Boolean algebra;
(ii) eis an order isomorphism of P onto a dense subset of B.

We will occasionally use the notation B(P) to denote the Boolean comple-
tion of P.

Lemma 1.3.10. If (B, ¢) and (B, ¢’) are Boolean completions of P, then there is
an isomorphism f between B and B’ which interchanges e[P| and e'[P], that is,
f : B — B’ makes the following diagram commute:

el

P

]B/

Proof. For each x € B put
Py={peP:e(p) <x}

Then the density of e[P] in B implies that \/ e[Py] = x, for each x € B. In
fact, if Op < Ve[Pyx] < x, then x \ \Ve[Px] > Op and, by the ¢[P] density,
there is some p € P such thate(p) < x\ \ e[Py]. Hence

e(p) <x; (1.13)
e(p) A\ e[Py] = Op. (1.14)
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By (1.13), p € Px; by (1.14) e(p) Ae(q) = Op for all g € Py. In particular, for
g = p it follows that e(p) = Op, which is not true.

Define now the following map:
f:B— B’
x— \/¢[P]

We prove that f is an isomorphism of complete Boolean algebras.
First of all, remark that for any ¢ € P and x # Op,

¢ (q) < f(x) = e(g) Ax > Op. (1.15)

In fact, if that is not the case, assume e(q) A x = Op, thene(q) Ae(p) = Op for
alle(p) < x,and thus q L p, forall p € P,.It follows thate’(q) Ae'(p) = Op
for all p € Py, and hence the absurd: O = ¢/(q) AV €'[Px] = €' () A f(x) =
e'(q)-

Commutativity:

The last equality comes from the fact that e and ¢’ are order isomor-
phisms, thus e(q) = e(p), implies g = p and then ¢'(q) = ¢/(p).

Completeness: Let A C B, then:

V flAl = V{f(a) :a € A}
=V V{e(p):e(p) < a}

acA

<V{(p)e(p) <\ A}

= f(V 4).
Assume, by contradiction, that f(\/ A) \ V f[A] # Op'. By ¢/[P] den-
sity, thereisa ¢/(r) < f(\V A) \ f[A]. Thene(r) AV A > Op by (1.15).

We affirm furthermore that there is an a € A such thate(r) Aa > Op.
If not, then e(r) Aa = Op for alla € A would give e(r) AV A = Op.
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Now, by e[P] density, there is a g € P such that e(q) < e(r) A a. Thus
e(q) < aand e(q) < e(r) entail respectively that ¢/(q) = f(e(q)) <

fla) <V flA] and ¢'(q) = f(e(q)) < f(e(r)) = €/(r). Finally,

which is absurd.
Join preservation: It follows from completnes.

1p is mapped to 1p :

= \/6, Pl

—\/{6 <11]3}
=\/{e(p) :peP}
=1p.

The last equality is the result of ¢’[P] density in B'.
Complement preservation: We prove f(—x) = —f(x), showing that:
f(=x) V f(x) = 1p and f(=x) A f(x) = Op/

The first equality is easily proved:

f=x)V f(x) = f(=x Vx)

As well as the second one:

fex) A f(x) = \H{e (p) s e(p) < —~x} AL () e(q) < x}
= \{e'(p) A () re(p) < —~xe(q) < x}
<\V{dp)re:pLaq}
=\{ep)ne(q):e(p)ne(q) =0p}

= O/

Meet preservation: it comes out from join and complement preservations.



1.3 Boolean completions of posets 17

Injectivity:
ket f = {x f(x) = On)
={x:\/¢[P] =0p}
= {0s}

The last equality comes from the fact that VP’ C P, \/e[P'] = Op if
and only if P" = @. In our case, P’ = Py. Then P, = @ iff x = Op.

Surjectivity: Lety € B/, then, by the density of ¢/[P] in B/, thereisa p € P
such that ¢/(p) < y. The preimage of y is thus

fHy) =\VHelp) :¢(p) <y}

In fact:

We consider now nonrefined posets and show the connection with re-
fined posets.

Lemma 1.3.11. Let (P, <p) a partially ordered set, then there is a unique, up to
isomorphism, refined poset (Q, <q) and an order preserving map j of P onto Q
such that:

Ve P(pllqgeilp) i) (1.16)
Proof. Existence: Define the equivalence relation ~ on P by
pr~qiff VxeP(p|lx<q] x)

and let Q = P/ ~ . Elements of Q are denoted by [p]. The partial
order on Q is defined in the following way:

[p] <glq] iff Vx e P(x || p — x| q)

Let j be the map of P onto Q :
j:P—=Q
p e [pl
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We have that j is order preserving; let p <p g, then by definition of
the equivalence relation, we get [p] < [g], thatis j(p) <q j(9)-
Let us verify condition (1.16). If p || g, then 3r € P(r <p p A1 <p q),

thus j(r) <q j(p) and j(r) <q j(g). Thatis j(p) || j(q)
Conversely, if j(p) || j(g), then

Jj(r) € Q (j(r) <q j(p) Nj(r) <@ j(q))-

Now,

j(r) <q j(p) < [r] <q [p]
—VxePx||r—x|p)

Choosing x = r, we get thatr || p, thus I’ € P(v' <pr A+’ <p p). We
alsohave j(r) <q j(q); thus 7’ || r implies ' || g. Hence 3¢ € P(+" <p
r" A" <p q). We have obtained that "’ <p p A+"" <p g, namely p || g.

We check now that (Q, <) is refined To this aim, assume that [g] is
not a refinement of [p], that is [q] £ [p]- Then certainly Ix € P such
that x || g, butx L p. Asa consequence, dr € P(r <p x) such that
r <pgandr L p,therefore [r] <g [gq] and [r] L [p].

Uniqueness: We prove now that Q = P/ ~ is unique up to isomorphism.
Let {S, <s} be another refined poset with a surjective order preserv-
ing map k : P — S satisfying (1.16). Consider the map:

f:Q—S
[q] — k(q).

The map f is well defined: let [q] = [p], if k(q) # k(p) then we may as-
sume k(q) £s k(p). By S refinement 3k(r) € S(k(r) <s k(g) Ak(r) L
k(p)). By applied to the map k, we get r || gand v L p, in
contradiction with [g] = [p].

As k is surjective, f is clearly surjective.

The map f is order preserving: let [q] < [p], if k(g) £s k(p), by S

refinement 3k(r) € S(k(r) < k(q) Nk(r) L k(p)). Thus rilq /\ rLop,
in contradiction with [q] <g [p].

Finally, we check f injectivity: let k(q) = k(p). If, by contradiction,
[q] # [p], then pick [q] £¢ [p]- Then, by Q refinement, 3[r] € Q([r] <o
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[q) A[r] L [p]). By f order preserving and by (1.16), we have k(r) <g
k(q) Nk(r) L k(p), which is absurd. O

Putting all the Lemmas together we conclude that a poset P can always
be carried in a complete Boolean algebra in the following way:

Theorem 1.3.12. Let P a poset, then there is a complete Boolean algebra B, unique
up to isomorphism, and a map j : P — B such that:

e j[P] is dense in B;
e jis order preserving, thatis, Vp,q € P(p < g — j(p) < j(q));
 Vp.q € P(pllq < j(p) Aj(q) # Os)

Proof. If P is refined, we already see the proof in Lemma If P is non-
refined, then use Lemma [1.3.11) and Lemma The uniqueness comes
from Lemma 0



Chapter 2

Boolean-valued models

In this chapter, we briefly expose the construction of Boolean-valued mod-
els, a generalization of first order models. By transfinite recursion we define
V(2 and VB. We then give a Boolean truth value [- ] to each B-sentence
and prove that all the axioms of the predicate calculus, equality and its
rules of inference are true in VB. Furthermore, we study the relationship
between complete Boolean subalgebras and submodels. At the end of the
chapter, we state a useful method to construct elements of V® and prove
the Mixing Lemma and the Maximum Principle.

Boolean-valued models were introduced in the 1960’s by Scott, Solovay
and Vopénka in order to help understand Cohen method of forcing, dis-
covered in 1963. Our reference text for constructions and statements in the
next few section is [2].

2.1 Construction of the model VB

We begin with the Boolean algebra 2 = {0,1} and define the class V(?),
called the universe of two valued sets.

Definition 2.1.1. By transfinite recursion on « we define

V¥ = {x: Fun(x) Aran(x) € 27 3¢ < afdom(x) € V;]}

and then put
V@ = {x:3ax e V]

It is easy to see that we have

x € V® & Fun(x) Aran(x) C 2 Adom(x) C V. (2.1)

20
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As we shall see in Theorem we can identify V(?) with the standard
universe V of sets.

We replace now the algebra 2 = {0,1}, with an arbitrary complete
Boolean algebra B, obtaining the universe V® of B-valued sets.

Definition 2.1.2. We define the universe V® of B-valued sets by analogy with
Definition Namely, we define, by recursion on «,

VB = {x : Fun(x) Aran(x) C B A 3¢ < a[dom(x) C VéB]}

and
VB = {x:3a[x € VB]}

We see immediately that, as in (2.1), we have
x € VB & Fun(x) Aran(x) € B A dom(x) C VB,

That is a B-valued set is a B-valued function whose domain is a set of
B-valued sets. VB is called a Boolean extension of V or more precisely the
B-extension of V.

We prove, by induction on rank argument, the following;:

Definition 2.1.3. (Induction Principle for V) For any formula ¢(x),

Vx € VB[Vy € dom(x)p(y) — ¢(x)] — Vx € VBap(x).

2.2 Boolean truth values [ ||

We now define the map [- [Ig from the class of all B -sentences to B, which
assigns to each B-sentence ¢ the Boolean truth value of o in VB.

For the sake of argument, suppose that Boolean truth values have been
assigned to all atomic sentences (those of the form © = v and u € v, for
u,v e V]B). Then, in analogy with the classical two valued case, we extend
the definition to all B-sentences inductively as follows.

Definition 2.2.1. For B-sentences ¢, T we put

[o ATl := [ols A [Tls; (2.2)
[—olB := —glols (2.3)
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If ¢(x) is a B-formula with one free variable x, such that [¢(u)]p has
been defined for all u € VB, we observe that the definable class {[¢(u)]p :
u € VB} is a subset of B and define

Bxp(x)ls := \/ [$(u)]s. (2.4)

ucvB

From — it follow immediately that

[oVTle = lols Ve [Tls; (2.5)
[c — tlp = [ols =8 [Tls; (2.6)
[o < ls = [0l <8 [TlB; (2.7)

[Vxp(x)ls = A [¢(u)ls. (2.8)
uevB

It remains to assign Boolean truth values to the atomic B-sentences. We
certainly want the axiom of extensionality to hold in VB so we would have

[u=vlp = [Vx € ulx € v] AVy € v[y € u]lp. (2.9)

Also, in accordance with the logical truth u € v <+ Jy € v[u = y], which
we certainly want to be true in VB, it should be the case that

[u € vl = 3y € v[u = y|lBs. (2.10)

For restricted formulas like 3x € u ¢(x) and Vx € u ¢(x), we require
that their Boolean truth values depend only on Boolean truth values of ¢(x)
for those x which are actually in dom(u). Moreover, we agree to be guided
by the idea of “characteristic function,” where, for x € dom(u), the truth
value of the formula x € u is u(x).

It seems thus reasonable to require that

Bx cup(x)lg =\ [u(x)Alp(x)]s] (2.11)
xedom(u)
and
[Vx € up(x)ls = N\ [u(x) = [$(x)]g] (2.12)

xedom(u)
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Definition 2.2.2. Putting (2.9)-(2.12) together, we see that we must have,
foru,v € VB,

weols= \/ [v(y)Alu=yls); (2.13)
yedom(v)
[u=olp= /N [u(x)=I[xeovls]
xedom(u) (2.14)
A /\ [v(y) = [y € ulp).
yedom(v)

Now (2.13) and (2.14) may and shall be regarded as a definition of [u €
v]p end [u = v]p by recursion on the following well-founded relation.

Definition 2.2.3. Define for x,y,u,v € VB
(x,y) < (u,v) iff
either (x € dom(u) and y = v) or (x = u and y € dom(v)).

Then < is easily seen to be a well-founded relation on the class VP x
VB = {(x,y) : x € VB Ay € VB}. If we now put, for u,v € VB,

G((u,v)) = ([u € vlp, [v € ulp, [u = vlp, [v=uls),

then (2.13) and (2.14) may be written for some class function F

G((u,0)) = F({u,0,G[{(x,y) : (x,y) < (w,0)})).

This constitute a definition of G by recursion on < and from G we obtain
[u € vlp, [u = vlp. Accordingly we take and as a definition of
[clp for atomic B-sentences ¢, and then define [[c]p for all B-sentences by
induction on the complexity of ¢ in accordance with (2.2)-(2.4).

Definition 2.2.4. A B-sentence ¢ is true or holds with probability 1in V®, and
write
VBECo

if [c]p = 1. A B-formula is true in VB if its universal closure is true in VB.
A rule of inference is valid in V'® if it preserves the truth of formulas in V5.
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2.3 Basic results of VB

From now on we shall take the liberty of dropping the sub- or super-script
from [c]iB, OB, 1g. Complete proofs of the following results can be found in

[2].

Theorem 2.3.1. All the axioms of the first-order predicate calculus with equality
are true in V'®, and all its rules of inference are valid in V. In particular, we have:

(i) [u=ul =1p;
(i) u(x) < [[x € u] for x € dom(u);
(iii) [u = v] = [v = ul;
(iv) [u=ovlAlv=wl<Ilu=uwl;
() [u=vlAluc€wl] <[vewl;
(vi) [v=w]Aucv] <[ucw
(vii) [u = vl Allg(u) < [¢(v)] for any B-formula ¢(x).

Proof. The points are proves using the induction principle for VB. A sketch
of the proof can be founded in [2] Il

It then follows that all the theorems of first order predicate calculus
are true in VB. We can now prove the laws governing the assignment of
Boolean truth values to formulas with restricted quantifiers.

Corollary 2.3.2. For any B-formula ¢(x) with one free variable x, and all u €
VB,

(i) [3x € u‘P(x)]] = \/xedom(u)[u(x) A [[4)(9()]]],
(i) [Vx € M(P(X)]] = /\xedom(u)[u<x) = I[(P(x)]]]
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Proof. We prove the first equality, the second follows by duality.

[3x € ug(x)] = [Fx[x € u A p(x)]]
=V lyeunoyl

yeVve

=\ V [(Ix=ylAu(x) AlpH)l]

yeVB xedom(u)

=\ A\ Ix=yAeW)I]

xedom(u) yeVs

=V [u@)ABylx=yA¢u)]l

xedom(u)

=V [u) Al m

xedom(u)

The properties of V® can be used to produce relative consistency proofs
in set theory.

Theorem 2.3.3. Let T, T’ be extensions of ZF such that Con(ZF) — Con(T"),
and suppose that in L we can define a constant term B such that:

T' + B is a complete Boolean algebra and, for each axiom T of T, we have
T+ [Tl = 1B.

Then Con(ZF) — Con(T).

Proof. 1f T is inconsistent, then for some axioms 7, T, . . ., T, of T we would

have, for any sentence o,
TEFOAN...ANT, = 0A—0C. (2.15)

Now let B a complete Boolean algebra satisfying the hypothesis of our the-
orem. Then
T/ F [aAN.. Nt = 1]B- (216)

But by (2.15) we have:

T'FIuA...ATle < l[c Aol = O,

so, by (2.16)
T'+1p < Og,

so T' and hence ZF would be inconsistent. O
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2.4 Subalgebras and their models

We are going to show that, if B’ is a complete subalgebra of B, then V¥ is
a submodel of VB, Furthermore, we will see that every element x of V has
a natural representative £ in V. We will terminate the section with some
properties abouts standard elements £ € V.

Theorem 2.4.1. Let B’ a complete subalgebra of B. Then, for u,v € V¥,
(i) V¥ C V¥

(ii) [u € vlp = [u € vls;

(iii) [u = olp = [u = v]p.

Proof. The first point comes out from definitions of V® and V®'. The points
(ii) and (iii) are proved simultaneously by induction on the well founded
relation y € dom(x), where the inductive hypothesis is, for all y € dom(v)
andallu € VB :

[ € ylp = l[u € yls;
v =ylp = lu=yls;
[y € ulp =y € uls.
O

Corollary 2.4.2. If B is a complete subalgebra of B, then, for any restricted for-
mula ¢(v1,...,v,) and any uq, ..., u, € VB

[p(ur, ..., un)lp = [Pp(u, ..., un)lp.

Proof. We prove the corollary by induction on the complexity of ¢. If ¢ is
atomic, the result follows by Theorem The only non trivial induction
step arises when ¢ is in the form Jx € u. In this case, if u, uy,...,u, € VB
then writing VB and \/IB/ for joins in B and BB/, we have:

B

[p(u,u1, ..., u)le =\ [u(x) Alp(x,ug, ... 1) lw]
xedom(u)
B

= \/ ) ALY, ..., u)ls]

xedom(u)

= lp(u,u1,...,u,) 1B O
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Remark that, as the two-element algebra 2 = {0,1} is a complete subal-
gebra of every complete Boolean algebra IB, we have that V(2) is a submodel
of every VEB. We now want to prove that there is a bijection from V to V(%)
To this end we need the following definition, constructed by recursion on
the well-founded relation y € x.

Definition 2.4.3. For each x € V, define:
£={y1):yex}

Observe that for each x € V, then £ € V(2) C VB, By Theorem for
x,yeV:

We can think of £ being a natural representative in V® for x € V. Elements
of the form & are called standard. The next and last theorem establishes
some results about standard members of V. It will follow from (v) that V
and V@ have the same true sentences.

Theorem 2.4.4. (i) Forx € V,u € VB,

[uezl=\/lu=7l

yEX
(ii) Forx,y €V,
xeyeo VB Etcey
x=yeoVBEt=1
(iii) The map x +— % is one-one from V to V%),
(iv) Foreach u € V2 there is a unique x € V such that V® |= u = %.
(v) Forany formula ¢(vy,...,v,) and any x1,...,x, €'V,
P(x1,...,x,) = VO = p(h,..., %)
and if ¢ is restricted then

P(x1,...,x,) < VB = o(#,...,%.)
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Proof. (i)
uel= \/ [2(0)Alu=02]]
vedom(X)
=\ [2(9) A llu = 71]
yEx
= \/lu = 71.
yEX

(ii) By induction on rank(y). The induction hypothesis is for all z with
(rank(z) < rank(y)) :

(iii) It follows from (ii).

(iv) The uniqueness follows from (ii). For the existence, use induction on
the well founded relation x € dom(u). Suppose then that u € V(2
and

Vx € dom(u)dy € V([x =gl =1).

We want to show that for some v € V, [u = 9] = 1. By definition,

[u=0ol= N [u(x)=Ixeal]A ALy e ul

xedom(u) yev

We want that [u = 9] = 1, so it must happens that:

x € dom(u) — u(x) < [[x € 0] = \/[[x = 7l; (2.17)
yev
yeo—-l=[gecul= \/ [ux)Alx=91. (218
x€dom(u)

In order to satisfy (2.18), we create
v={yeV:3dxedom(u)u(x) =1A[0x=791=1]}.

By (ii) and Replacement, v € V. By inductive hypothesis v satisfies

E17).
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(v) For the first part, use induction on complexity of ¢, (ii) and (iv). If ¢ is
atomic the result holds by (ii).

If ¢ is in the form dx1, then suppose that xq,...,x, € V. If

[[47(-721/ o /5571>]]2 = 1/

then
\/ [[1/](3(, 551/- . -rfn)]]Z =1.

xeVv(2)
Thus
[Wj(x/ f1/ e /561’1)]]2 = 1
for some x € V2, By (iv), for some y € V, we have [x = §], = 1 so
that

1= [[lp(x/ 5&1/ cee /fn)]]z A [[-x = 9]12
< [[(P(?I J?1/ ey f1’1)]]2'
The inductive hypothesis gives ¢(y, x1, . . ., X, ), which implies ¢(x1, . .., x,).

The converse is similar. The second part of (v) follows from the first

part and Corollary O

2.5 Mixtures and the Maximum Principle

We are going to formulate a useful general method for constructing ele-
ments of VB.

Definition 2.5.1. Given a subset {4; : i € I} C B, and a subset {u; : i €
I} C VB, we define the mixture Y. a; - u; of {u; : i € I} with respect to
{a; : i € I} to be that element u € VB such that

dom (1) = |_J dom(u;)
i€l
and, for z € dom(u),

u(z) = \/lai Az € ugl).

iel
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The following lemma, the Mixing Lemma, justifies the use of the term
mixture by showing that under certain conditions (in particular, when {a; :
i € I} is an antichain) ) ;;a; - u; behaves as if it were obtained by mixing
the B-valued sets {u; : i € I} together in the proportions {a; : i € I}.

Lemma 2.5.2. (Mixing Lemma) Let {a; : i € I} C B, let {u; :i € [} C VB
and put Yy a;- u; = u. Suppose that, foralli,j € I,
a; \ aj < [u; = Lt]]] (219)

Then, forall i € I,
a; < [u = u;].

In particular, the result holds if {a; : i € I} is an antichain.

Proof. We have [u = u;] = a A b, where

If z € dom(u), then

ai Au(z) = \/ ai Naj Az € uj] (2.20)
jel

< Vlwi = ul Alz € ujl  (byR19) (2.21)

jel
<[z €ul, (2.22)

so that a; < [u(z) = [z € u;]] for any z € dom(u), whence 4; < a. On
the other hand, if z € dom(u;), then

ai Nui(z) < a; ANz € ui]
< u(z)
<[z € u],

so that a; < [u;(z) = [z € u]l], whence a; < b. Hence a; < a A b, and the
result follows. O
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Recall that we assigned a Boolean truth value to the formula Ix¢(x) by
putting
Exp(x)] =\ [$(u

ueVv®
We now show, using the Mixing Lemma, that V® contains so many
members that the supremum on the right side of the above equality is ac-
tually attained at some element u € VP. Thus VP is full . In fact, the next
Lemma is also called fullness Lemma.

Lemma 2.5.3. (The Maximum Principle or Fullness Lemma) If ¢(x) is any
B-formula, then there is u € VB such that

[Bxp(x)1 = I (u)].
In particular, if V® |= 3x¢(x), then VB = ¢(u) for some u € VB,
Proof. By definition, we have
[Fxp(x)]1 = \/ [¢(u
uevB
Since B is a set, so is {[¢(u)] : u € VB} € P(B) and, by AC, there is an
ordinal « and a set {ug : { < a} C VP such that {[¢(u)] : u € VP} =
{l¢(ug)l: ¢ < a}. Accordingly,
[Fxp(x)] = \/ [¢p(ue)l
f<w
For each ¢ < a, put
az = [p(ue) I A=\ [ (uy)]
n<g

Then {az : ¢ < a} is an antichain in B and a; < [¢(ug)] for all { < a.
Putu =} ¢, az- ug; then by the Mixing Lemma we have a; < [u = u]l for
all ¢ < a. Also, clearly,

[p(u)] < 132 (x)].
On the other hand,
[P()] = llu = ugl Alig(ug)l = ag
so that

)l >\ az = \/lp(ue)l = [Fx¢(x)]1.
c<ua c<wo [l
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Corollary 2.5.4. Let ¢(x) be a B-formula such that VB |= Jx¢(x).

(i) Forany v € V® thereisau € VB such that [¢(u)] = 1 and [¢(v)] =
[u=7].

(ii) If Y(x) is a B-formula such that for any u € VB, VB = ¢(u) implies
VB = (u), then VB |= Vx[p(x) — p(x)].

Proof. (i) Apply the Maximum Principle to obtain w € V® such that
[p(w)ll =1, putb = [¢(v)]land u = b- v+ (=b) - w. Then

[p(u)] >Tu=vAPp(0)IVIu=wA¢(w)l
>bV b

= 1g,

and [u = o] = [u = vl A l¢p(u)] < [¢(v)]. Since [u = v] > b =
[¢(v)1, the result follows.

(ii) Assume the hypothesis, and letv & VB, Using , choose 1 € VB such
that [¢(u)] = 1p and [¢(v)] = [u = v]. Then [ (u)] = 1 and

[¢(0)] = lu=2ol=10u=olA[Yu)l < [p()].

The result follows. O



Chapter 3

Regular embeddings and
retractions

In this chapter, we present the construction and some properties about
regular embeddings and retractions between complete Boolean algebras.
Given a regular embedding i we show that the associated map 7; is in fact
a retraction ( Proposition[3.1.5). In Proposition[3.1.7jwe prove the converse:
to a retraction 71, we can associate a regular embedding i,.

In Section we show how to embed a quotient algebra and we prove a
variant of the Mixing Lemma (Lemma [3.2.2).

3.1 Regular embeddings and retractions of complete
Boolean algebras
We are now interested in defining two kinds of maps between Boolean al-

gebras: regular embeddings and retractions. In the following, we show
how one can associate a retraction to a regular embedding, and vice-versa.

Definition 3.1.1. Let B, Q be non-atomic Boolean algebras. i : B — Q
is a reqular embedding if it is a complete and injective homomorphism of
Boolean algebras.

Definition 3.1.2. A map 77 : Q — B between complete Boolean algebras is
a retraction if the following conditions are satisfied:

(i) 7T preserves joins and is surjective;
(i) 7 (08) = {0g};

33
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(iii) Forallge Q,be B:
m(q) Ab=\/{r(s) :s < q,m(s) < b}. (3.1)

Remark 3.1.3. Analyzing the definition of retaction we can add some prop-
erties. Join preservation implies that 7t is also order preserving. Moreover,
it follows from (i), that 77(q) > Op for all g > 0g and 71(0q) = Op.

Equation describes 7t behavior when restricted to a parameter b :
7T preserves \/-operation in a homogeneous way. This is equivalent to a
property to which we will often refer:

m(q) ANb=m(qgA\/{s: 7(s) < b}). (3.2)

In fact,

We finally highlight that we do NOT assume that 7r is a homomor-
phism, thus 77 may not preserve meets and complements and may map
different positive elements of Q to the same object of B*.

We want now to construct an associated map 7; to any regular embed-
ding i : B — Q. As we shall see, 77; will be a retraction.

Definition 3.1.4. The retraction associated to i is the map
i :Q— B
g— N\{beB:ib)>q}
B

Let us verify some properties of the embedding i and its associated map
;. The next proposition states, in particular, that 77; is in fact a retraction.

Proposition 3.1.5. Assume that i : B — Q is a reqular embedding.
Then:

(i) iomi(q) > q,forall g € Qand 7r; maps QT to BT;

(ii) mjoi(a) = a, forall a € B and thus 7; is surjective;
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(iii) 71; preserves joins of subsets of Q, that is, for every X C Q,

m(\/ X) =\ m[X];
Q

B

(iv) If i is not surjective, 7t; : Q — B does not preserve neither meets nor com-
plements;

(v) If mi(a) A 1tj(b) = Op, then a A b = Og;

(vi) Forany q € Qandb € B, then 1;(q) Nb = mi(q Ni(D)).
In particular, for all b < 71;(q),

mi(q Ni(D)) = b; (3.3)
(vii) i(b) = V/{s : m;(s) < b}, forall b € B;
(viii) 7t; is a retraction.
Proof. (i) Recall that
mi(q) = Q{b € B:i(b) > q}.
Thus

iomi(q) =i(\{beB:i(b) >q})
= A\{i(b) : b € B, i(b) > g}
>MpeQ:p=4q}
This proves the first part of (). Now if, by contradiction, for g > 0Oq,

mi(q) = Op, we would have 0q = io 7t(q) > q > 0Og. Hence 71; must
preserve positivity.

(ii) We prove that 7; is surjective:
mioi(a) = \{beB:i(b) >i(a)}) =a,

since i is injective.
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(iii)

(iv)

Let X = {g;:j € J} € Q. Thus, forallj € ],

mi(M{gj:jeT}) = N{beB:i(b) > \/{g;:j€]}}
> A\{beB:i(b) >q;}
= Ni(ﬂj)-

In that way, we obtain the first inequality:

m(\agj:jeTy) > Vima) jeJ},

that is 77;(\V X) > V ;[ X].

Now if r = \/ ;[X], we have that 7 > 71;(q;) for all j € J. Thus, by
forallje J:

In particular i(r) > \/{g; : j € J}. From 7; definition we get that 77; is
increasing, so:

r=mi(r)) = 7(\/{g;:j € J}),
that is, the second inequality \/ 77;[X] > 7;(\V X) holds.
If i : B — Q is not surjective, then pick g € Q \ i[B]. Then i(7;(q)) # q
and we have, by (i), i(7;(q)) > g. Thus p = i(7:(q)) \ 4 > 0Og and
mi(p) > Op.

Now,

Thus 7;(p) A mi(q) = mi(p) > Op. But 7ti(p A q) = mi(0g) = O, so 7;
does not preserve meets.
We check now that 71;(—~qf) # —B7i(f) for some f € Q.

Let:
g€ Q\i[B], d=—-pm(q) and e = i(d).
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We have
f=qVe
=qVi(d)
=qVi(=mi(q))
=qV —i(mi(q))
<gV—q
=1g.
Thus f < 1g implies that =f > 0q and 77;(—=f) > 0q.
On the other hand,

Thus _\7Ti(f) =0p and 7Ti(_|f) > Op, 1rnply _\7Ti(f) * 7Ti(_|f).
(v) Assume a A b > Og, then we would have a contradiction:
0q = i(ri(a) A 7ti(b))
= i(mi(a)) Ni(7ti(D))

>aAb
> OQ.

(vi) For b € B, g € Q, the following three equations hold:

mi(q Ni(b)) V mi(q A—i(D)) = mi(q); (3.4)
(7ti(q) Ab) V (ti(q) A =b) = mi(q); (3.5)
(7i(q) Ab) A (mti(g) A —b) = Op. (3.6)

Furthermore, by 71; definition, we have:
7i(q N i) < 7rilq) Ab (3.7)
and

mti(q A —i(b)) = 7ti(q Ai(=b))

3.8
< mi(q) A —b. (38)
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(vii)

Now, in order to abridge the notation, set:

a=rm(qgNi(b)), c=rmi(q) \b,
b= mi(gN—i(b)), d = mi(q) A\ —b.
By (3.7) and (3.8) we get
a<c
b <d.
So, by (3.6),

aANb<cAd=0g,

that is, 2 and b are disjoint. Moreover, by (3.4) and (3.5), 2 and b have
the same supremum as c and 4, that is,

avVb=cVd.
All in all, we conclude that
a=cand b =d.
In particular, translating 2 = c we have:
7i(q) ANb = mi(q Ai(b)),
as was to be proved.
Let s € Q such that 77;(s) < b. By , and i order preserving,
s <i(m(s)) <i(b).

Thus
Vs : mi(s) < b} <i(b). (39)
In order to prove the other inequality, recall that by (i) we can write
b= m(i(b)).So
i(b) < \{s: mi(s) < mili(b))}
=\/{s: m(s) < b}.
The result follow immediately putting and (3.10) together.

(3.10)
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(viii) Join preservation and surjectivity follow from points (iii) and (i). In
order to show that 771(0p) = {0q} puta = Op in , then

7;(0q) = 7i(i(0p)) = Op.

Thus Ogq is certainly mapped in Og and moreover by (i) it is the only
element of Q mapped in Op. The last point of Definition fol-
lows putting (vi) and together and using the equivalent equation
(3.2). O

We just proved that we can associate a retraction to any regular embed-
ding. We want now to construct the converse: we start from a retraction 7
and we associate a regular embedding i.

Definition 3.1.6. Let 77 : Q — B a retraction. The reqular embedding associ-
ated to 7t is the map

ir:B—=Q
b— \/{s €Q":mn(s) <b}
Q
In the next Proposition we see some properties of i; and show that i, is

actually a regular embedding and that the associated retraction of i, is 7
again.

Proposition 3.1.7. Assume that 7t : Q — B is a retraction. Then the map i,
satisfies the following properties:

(i) moir(a)=aforalla € B;
(ii) iz om(q) > qforallqg € Q;
(iii) i, preserves joins;
(iv) ix(1g) = 1g and i (0p) = Og;
(v) in preserves complements and meets;
(vi) i is injective;
(vii) ;= T,

(0ili) iy, = i.
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In particular, it follows from points (iii)-(vi) that i is a regular embedding.

Proof. (i)

moir(a) =n(\/{s € Q:0p < 7(s) < a})
= \/{n(s): 0 < 7(s) < a}
= a.

In the second equality, we used the fact that 7t preserves joins and in
the last equality we used 7t surjectivity.

(ii)
inom(q) =\/{s:n(s) < m(q)}

>4

(iii) Let {bx : k € K} C B. Certainly, by i, definition, i (bg) < iz (Viek bx)-
Thus
\/ Zn(bk) < ln(\/ bk)

kekK kek

Assume, by contradiction, that the last inequality is strict, then we

define
q= in( \/ bk)\ \/ in(hk) > Oq- (3.11)
keK keK
By (8.2), we have
7t(q) Nbe = (g Ni(br))
= 711(0q)
= 0p.
We obtain thus that
Vk € K 7t(q) A by = Op. (3.12)

By (3.11), it follows that g < i(\/xcx bx), and by 7 properties we have:

(q) < m(i(\/ be))

keK

—\/ by

kekK

(3.13)
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Putting (3.13) and (3.12) together we get:

n(q) = () A\ by

keK
= \/ (m(q) A by)
keK
= Op.

Hence g = Oq, in contradiction with (3.11).

(iv) iz(1g) =V{s € Q:0p < 7(s)} = 1g and
in(O]B) = \/{S €EQ:0g < 7'[(8) < OIB} = \/Q@ = OQ.

(v) Leta,b € Bsuchthata Ab = 0p. Then

in(a) Nig(b) =\/{s € Q" : 7t(s) <a} A\/{t €Q" : 7(t) < b}
=\/{sAt:0p <7(s) <a0p<m(t) <b}
g\/{q:n(q) <aAb=0g}

On the other hand since we already showed that i, preserves joins we
have that i (a) Viz(b) = iz(a V b). By these equalities, we can easily
get that i (—b) = —iy(b).

Meet preservation follows from complement and join preservation.
By De Morgan laws we get:

in(aAb) = ix(=(maV b))
= =iz (—aV —b)
= =(in(=a) Viz(=D))
= (i (a) V —ig (D))
iz(a) Nig(D).

(vi) We have already shown that i,; is an homomorphism, thus it suffices
to check that ker(i;) = {Op}. Applying 7 to i(a) = Oq, we get by
a=moir(a) =mn(0g) = Op.
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(vii) Using Proposition and applying 7t; to point (ii) of the current
Proposition, we get for all g € Q:

= i, o lix 0 7(q)]
> 7;,.(4)
On the other hand, by (i) and applying 7 to Proposition we

have:

i (q) = [0 0 i) (711 (9))
= 70 [iz o (q)]

> 71(q)

(viil) By Proposition[3.1.5(({ii) and Proposition [3.1.7(ii) we have for all b € B:

in,(b) = in(ti0i(b))
= [ix, o m(i(0))
> i(b).

The second disequality comes from Proposition 3.1.7({i) and Proposi-
tion |3.1.5(i):

i(b) = i(mj0in (b))
= [i o m](in, (b))

3.2 Embeddings and quotients

With a slight abuse of terminology forany b € Bweleti [b:B [0 — Q|
i(b) denote the natural restriction of i to B [ b.

Given a regular embedding i : B — Q with associated retraction 7; :
Q — B, let Gg € VB be the canonical name for the V-generic filter and Ig
be the canonical name for its dual ideal:
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We want that V® models that i[Ip] generates an ideal | on Q by the
requirement that

I9 € Jls = [7mi(q) € Ipllp.
That is,

J = {4 ~miq) g € Q).
Thus we get that for all 4,7 € Q

[lg]; = [r];1B = [9Ar € [
= [mi(qAr) € Il
= = (mi(qAr))

The quotient forcing Q/i[Gp] is a canonical B-name for the Boolean algebra

Q/].

Lemma 3.2.1. Ifi : B — Q is a regular embedding of complete Boolean algebras,
then B x (Q/i[Gg)) (see Definition is forcing equivalent to Q.

Proof. Let t; : Q — B be the retraction map associated to i.
The map

i*:Q — Bx*(Q/i[Gg]))

which maps r — (7t(r), [F];jj) is a complete embedding such that i*[Q] is
dense in B * (Q/i[Gp]). The conclusion follows. O

We show the following variant of the mixing Lemma:

Lemma 3.2.2. Assume i : B — Q is a reqular embedding. Let | be a canonical
name for the dual ideal of the filter generated by i[Gp). For all @ € V® such that
[a € (Q/))* 1B = g, there is a unique r, € Q such that
mi(ra) = 1m;
[a = [rs] 1B = 1p.
Proof. Remember that for 7,t € Q we can compute the Boolean values:
L)) € (Q/)*1s = m(r);
[[[1"]] = [t]]]]]B = _|7'L'Z'(1"At).



3.2 Embeddings and quotients 44

Uniqueness. By contradiction, assume r # t are such that:
7Ti(7’) = ﬂi(t) =1p;
[r]; = alp = [[t]; = als = 1p.
The second condition entails that [[r]; = [t] il = 1s.
Now, r # t involves rAt > Oqg and thus:
ﬂi(TAt) = [[[1’]] * [t]]]]]B > O]B.
Finally,
Op < 7;(rAt) = [[[1’]] * [t]]]]]B = ﬁ[[[?’]] = [t]]]]lB = Op,
which is impossible.

Existence. We now turn to the proof of the existence of the desired
element r;. Observe that if @ is a B-name for an element of (Q/])¥, that is
[a € (Q/])*1 = 1p, then:

[a = [r]jls = 4= [r]jl Alla € (Q/]) T
<Il[r]j € (Q/)) I8
= 7'[1'(1’).
and
[a = [r]jls A lla = [t]j1B
<[lrlj € (Q/) s AlLltl; € (Q/]) I Alllr); = [t];1B
= 7t(r) A rt(t) A —m(rAt). (3.14)
Consider theset A; = {b € B" : Ir € Q,b < [a = [r]]-]]]B}. We want to
construct a maximal antichain from A, for this purpose we first prove that
A, is dense and then apply Proposition By the fundamental forcing
theorem, we have that for any formula ¢ and element g € B:
9= [¢ls
iff
VG filter V-generic for B such that g € G, thenV |G| |= ¢.
We have to show that Vg € BT¥3b € A; such thatb < g. Fix g € BT and let
G a V-generic filter for B such that g € G. Thus
oc(a) € Q" /o6(])
says that
Ir e Qt: VIG] Eog(a) = [rloci)
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Then, for the forcing theorem,
Jse€G:s<[a= [r]j]]IB.
Letb =sAg,thenb € Gand
b=sAq<la=[r]ls;

sob € A;and b < g, as we were looking for. Let now fix a maximal
antichain {b; : i € I} C A,;. For every i € I define:

Ai: {TEQ:bZ‘ < [a= [7’]]]]13}
and let

ai = N\{m(r) : v € A} A \{-B7(sDAqt) : 5, € A} (3.15)
B B

Then foralli € I, b; < a;, by .
Foreveryi € I, pick some t; € A; and letr; = i(b;) A t;.
We get that

b; < [[r;] = [ti]1s,

in fact:

[lri]; = il = [i(bi) A ti]j = [ti] j1s

= 7T (l(bl) AN ti)Ati)

From b; < [[r;]; = [ti];Ip and b; < [@ = [t;];]p we get that {r; : i € [} isa
subset of Q such that, foralli € I,

bi <[] = alle.

Now, define:

1’,1:\/{1’1'21'61}.
Q



3.2 Embeddings and quotients 46

We prove that [[rs]; = allg = 1p. First of all, remark that:

—\i(bi) > 1 \ l(bl)
= (\/ 1’]' V 1"1') \ l(bl) (316)
ji
=\/(rj \i(b;)) V (r; \ i(b;)
j#i
= \/ Tj.
J#L
The last equality comes from two facts. The first is r; \ i(b;) = Og, by 7;
definition. The second is that Vj # i, (bj A b; = Op) implies i(b;) A i(b;) = Og
and thus r; A i(b;) = Oq. Therefore,

[[re]j = [ri]jIB = —7t(radr;)
= —7(ra\ i)

=-n(\/7))

j#i
> —(=i(bi)) by B.16]
= ~7(i(—bi))

= b;.

All in all, since {b; : i € I} is a maximal antichain in BT, we get that
[lralj = [ri]jls > V{bi : i € I} = 1, as we were looking for.

This gives a canonical representation of any B-name 4 for an element of
(Q/I)" by an element r; € Q™.

Moreover, applying the last point of Proposition to 7t(t;) > b; we
get:

7t(ri) = 7(i(bi) A ti)
— b

Thus, because 7t(r;) > 7t(r;) = bj;, we finally have

7'[(1’,1) > \/{bl = I} =1p.
B

The proof of the lemma is completed. U



Chapter 4

Limits of Boolean algebras and
iterated forcing

In this chapter, we study how to apply embeddings and retractions in order
to get iteration systems of complete Boolean algebras. We then summarize
the construction of iterated forcing with posets and start in the last section
a comparison between iterated forcing and iteration systems of complete
Boolean algebras.

4.1 Iteration systems of complete Boolean algebras
Definition 4.1.1.
F ={ipp: By — Bg:a < B <5}

is a complete iteration system of complete Boolean algebras if for all «, B,y €
o

(i) each B, is a Boolean algebra;

(i) each i,p is a regular embedding with associated retraction 77,5 and iy,
is the identity;

(iii) fora < B <y we haveigy 0 iy = ixy-

Lemma 4.1.2. It follows from point (iii) of Definition that the composition
of the associated retractions is an associated retraction, i.e.

Va <B<7y:  Tup0 gy = Moy

47
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Proof. Let g € B,, then:
(76, (8)) = N\{a € By s igg(a) > 71p,(g)}
> N\{a € By :igy 0igp(a) > iy 0 7s, ()}
> A{a € Byt iag(a) > g}
= Ty (8)
and
Tay(8) = \{a € Bu t iy (a) > g}
= N\{a € By :ig, 0iws(a) > g}
> N\{a € By : 7p, 0 iy 0inp(a) > mp,(g)}
= N\{a € By : ing(a) > 75, (g)}
= Tlap © Tpy (8)- -

Definition 4.1.3. We say that f € I1,csB, is a thread (Figure[4.1) for F if for
alle < B < é:

p(f(B)) = f(a).

Definition 4.1.4. We say that ¢ € I1,¢sB, is a constant thread (Figure 4.2) if
c is a thread and there is some a < J such that, foralla < g < é:

iap © TTup(c(B)) = c(B).

Definition 4.1.5. The support S of a constant thread c is the least « for which
the above holds, that is:

S(c) = min{a < & :iyp 0 mMup(c(a)) = c(a)}
Remark that generally we only have i,g o ,(f(B)) < f(B).

Definition 4.1.6. The set of all threads is denoted by T(F). The set of all
constant threads is denoted by C(F).

Figure 4.1: A thread f € T(F).
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c=(c(0),c(1),...,c(a),c(B),c(y),...)
'b/
Tl s

Figure 4.2: A constant thread ¢ € C(F) with support .

It is easy to check that a thread is uniquely determined by its restriction
to D for any D cofinal subset of § and a constant thread by its value on any
« greater or equal than its support.

Definition 4.1.7. Given p € B, we let ¢, € C(F) be the unique constant
thread with support a such that ¢} («) = p.

Proposition 4.1.8. There is a natural partial order on T(F) and C(F) given by
f <17 8 (F <cir) & f(a) <p, g(a) foralla € 5.

Proposition 4.1.9. For every complete iteration system F of complete Boolean al-
gebras there is a natural Boolean algebra structure on C(F ), where the operations
are given component wise i.e. if f = (fy :a € 6) and § = (3o : 0 € J) are in
C(F) we have that f Ac(ry & = h if h is the unique thread such that for eventu-
ally all w < 6 g(a) A, f(a) = h(a). All the other Boolean operations are defined
similarly.

Notice however that C(F) most likely is not a complete Boolean alge-
bra.

Remark 4.1.10. C(F) may not be a complete Boolean algebra and most
likely it is not a complete Boolean subalgebra of B(T(F)). In general for
a linear system indexed by w, let p = (p, : n < w) be a thread in T(F) \
C(F).Thus Vn < w:

i1 (Pn) = i1 (Tana (p(n 41)))
> Pn+1

then

{chm 1 n <w} CC(F)
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is a strictly decreasing sequence in C(F):

{(po,io1(po),io2(po), - - - ion(po),---) >cirypo, P ir2(p1), .- - itn(p1), .. .)

>C(-7'-) <p0/ pP1,P2,---,Pn, in/”+1 (pn>/ e >

which may have no exact lower bound or could have a lower bound differ-
ent from its exact lower bound in T(F) which is p.
For example let
F={ig:B(]2%) = B([2°¢):n <k < w}
i<n i<k

with each i,; the natural injection. Observe that F is a complete itera-
tion system. Now B(C(F)) is the Boolean completion of the finite support
product of [T;, 2<¢ and is forcing equivalent to Cohen forcing. If s € 2<¢,
we get that {c({s : i < n)) : n < w} is a strictly decreasing sequence
in C(F)" with no lower bound in C(F)*, thus in C(F) its exact lower
bound is O¢(r). On the other hand in T(F) its exact lower bound will be
{(s :i < n) : n < w} which is a non 0-element of T(F). This shows that
the inclusion map of C(F) into B(T(F)) is an injective homomorphism of
Boolean algebras which is not complete.

Remark 4.1.11. We can not identify T(F) with its Boolean completion. In
fact, let {f; : i € I} C T(F), then (V,c; fi(0), Vier fi(1),...) is a thread that
can not be the supremum in B(T(F)) of {f; : i € I}.

As an example, we can find a thread b = (b, : n < w) such that
nn,n+l(in,n+1(bn) N —|bn+1) = bn, that is: 7Tn,n+1(_‘bn+1) = 1]Bn' Let K =
{c, :7n € w}, thatis K contains elements of the form:

Cg.ho = (=bo,ip1(—bo), ..., ion(—bo), .- .),

cLy = (1, =y, i12(=bo), . .. i1 (—b1),...),

Cib” = <1]B0/ 1]B]/ sty 11]3,,,]/ _‘bl’l/ in,n+1(_‘bn)r .. >

Each element of K is incompatible with b, but the pointwise supremum
of K which is (1g,, 1B,,.-.,1B,,...) is compatible with b, so L7(F) can not
be \/]B(T(]-')) K.
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4.2 General iterated forcing

We summarize definitions and properties related to general iterated forc-
ing. For further informations and proofs we refer to [5][VII-VIII]. Here
M is a transitive model of ZFC. A p.o. is a triple (P, <p,1p) such that <p
partially orders P and 1p is a largest element of P.

Definition 4.2.1. We mean for complete embedding of two p.o. (P,<p,1p)
and (Q, <q,1g) amap i: P — Q such that:

(i) Vp,p' € Plp<pp' —i(p) <qi(q)];
(ii) Vp1,p2 € Plp1 L p2 <> i(p1) Li(p2)l;

(ili) Vg € Q3p € PYp' € P[p' <p p — i(p’) || q]- We call p a reduction of g
to P.

Definition 4.2.2. If P is a p.o. in M, a P-name for a p.o. is a triple of P-
names, (v,v/,v") € M, such that v € dom(v) and

1pIkp [(v" € v) A (V' is a partial order of v with largest element 1”')]
We often write v for (v,v/,v"), <, for v' and 1, for v".

Definition 4.2.3. If P is a p.o. in M and (v, <,,1,) is a P-name for a p.o.,
define

Xy={teM:1pl-te€v,Yp € MP[1pIF p = v — rank(p) > rank(v)]}
then P x v is the p.o. whose base set is
{{p,T):pePATE X}
In P x v, we define (p, 7) <p., (g,0) iff
p<pqAplFt<,0,

and we set
1pir = (1p, 1y).

Definei: P — Pxvbyi(p) = (p,1,).

Lemma 4.2.4. In the notation of Definition
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(D) ¥p,p' € P(p <p p" > (p, 1) <psw (P, 10));

(ii) i(1p) = 1pwy;
(i) (p, ), (0, ) € Pev(p L = (p,7) L (p), )
(iv) Y(p,T) e PxvVp € P(p Lp' < (p,7) L (P, 1));
(0) Vp,p' € P(p Lp' < i(p) Li(p'));
(vi) i: P — Pxvisacomplete embedding.

Proof. Proofs of (i)-(iii) come from the definitions. To prove from right
to left, if g <p pand g <p p’ then (g, T) <p., (p,T) and (g, T) <psw (P, 1v).

(v) is a special case of (iv). follows from (i), (v) and (vi), where p is a

reduction of (p, T) to P. O

Definition 4.2.5. In the notation of Definition if G is P-generic over
M and H C vg, then

GxH={(p1)ePxv:pe GA1 € H}.

Theorem 4.2.6. Assume that P is a p.o. in M and v is a P-name for a p.o. Let K
be P x v-generic over M, and let

H = {1t :7€dom(t)AJgq({g,T) € K)}.

Then G is P-generic over M, H is vg-generic over M[G|, K = G« H,and M[K] =
MIG][H].

We now turn to consider a-stage iterated forcing for a any ordinal. Re-
mark that for « = 1 we have ordinary forcing and for « = 2 we have
iterations of the form P * v just discussed.

Definition 4.2.7. In M, suppose « is any ordinal, Z C P(«), Z is an ideal
on a + 1, and Z contains all finite subsets of a. An a-stage iterated forcing
construction with supports in 7 is an object in M of the form,

<<<P€, Spg, 1P§> : é: S DC>, <<V§/ SV@/ 1U§> : é < (x>>>/
which satisfies the following conditions:

(i) Each (Pr, <, 1p§> isap.o;
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(ii) Elements of Py are all sequences of length ¢;

(iii) If p € Pyjand ¢ <7, thenp | € Pg;

(iv) Each (vg, <p., 1p§> is a Pr-name for a p.o.;

(v) If (o : p < &) € Pg, theneachp, € X,,;

(vi) 1p, is the sequence (p, : u < &) such that each p, = 1,,.

Define supt({o, : p < &)) = {p < ¢ : py # 1, }. We demand further that
the construction satisfy:

(a) Basis. Py = {0}.

(b) Successors. If p = (o, : p < G), thenp € Pryyiff p [ € Pz, pz € Xy,
and p [ ¢ Ibp, (pz € vg). If also p' = (o), : p < ), then p < p’ iff
plé<p l¢andp|¢IF (g < pz).

(c) Limits. If i is a limit ordinal and p = (p, : 4 < 17), then p € P, iff
Ve <n(p ¢ € Pe Asupt(p) € I).

If p,p' € Py, thenp < p'iff V¢ <n(p 1S < p' [ E).

Definition 4.2.8. In Definition we say the iteration is of finite support
iff 7 ={X Ca:|X| < w}, and of countable support iff T = {X C a : (|X| <
w)M}. Tterations with full limits means Z = (P (a))M.

Generalizing the i : P — P * v from two stage iterations, we have the
following.

Definition 4.2.9. In the notation of Definition [§.2.7, if § < n < a, define
igy : Pz — Py so that ig,(p) is the p’ € Py, such that p’ [ { = p and
pl(p) =1y, for§ < p <.

We summarize now some abstract order-theoretic properties of iterated

forcing constructions.

Lemma 4.2.10. In the notation of Definitions and assume that & <
n < ¢ < a. Then:

(a) igg = iyg o gy
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(b) izy(1p,) = 1py;
© Vpp € Pyp<p —pli<p 1)
(d) Vp,p' € Pe(p < p' < igy(p) < igy(p'));
(€ Vp,p' € Py(p 1 Lp 1E—pLp)
() Vp,p' € Pylsupt(p) Nsupt(p’) ST — (p 1T Lp [ pLp);
©) Vp,p' € Pe(p Lp' < igy(p) Ligy(p'));
(h) iz, is a complete embedding.
Lemma 4.2.11. Assume that in M,
(Pe:8 <), (vg: 6 <a))

is an w-stage iterated forcing construction. Let G be P, — generic over M. For each
¢ < let Gz = z'gal (G). Then Gg is Pz— generic over M and

¢ <1 = M[Ge] € M[G,].
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4.3 Iterated forcing and Boolean algebras iteration sys-

tems

In this last section we start to relate a-stage iterated forcing and linear iter-
ation systems of complete Boolean algebras.

We begin by recalling the definitions of p.o. complete embedding, Boolean
algebras regular embedding and Boolean completion of p.o.

Complete embedding: We mean for complete embedding of two p.o. (P, <p
,1p) and (Q, <p,1g) amap i: P — Q such that:

e Vp.p' € P(p <pp’ —ilp) <qi(q));

o Vp1,p2 € P(p1 L p2 <> i(p1) Li(p2));

e Vg QIp e PYY € P(p <pp —i(p') | q). We call p a reduction
of g to P.

Regular embedding: Let B, Q be complete Boolean algebras. 7 : B — Q
is a reqular embedding if it is a complete and injective homomorphism
of Boolean algebras.

Boolean completion: Let P a poset, then there is a complete Boolean alge-
bra B, unique up to isomorphism, and a map j : P — B such that:

e j[P] is dense in B;
e jis order preserving, thatis, Vp,q € P(p < q — j(p) <j(q));
* Vpq € P(pll < j(p) Aj(q) # Op)

We want to study how the previous definitions are related. The next
lemma states the equivalence between regular embeddings and complete
embeddings of Boolean algebras.

Lemma 4.3.1. 7 : B — Q is a reqular embedding if and only if i : Bt — Q7 is
a complete embedding.

Proof. We begin the proof with the implication from left to right.

Predensity preservation: Let D C B a predense subset of B. By hypothe-
sis, we know that Vg € Q3p € B such that Vp' < p (i(p’) || 9). By D
predensity, Vp' < p3d € D(d || p’), thatis 3r € P such thatr < d and
r < p'. It follows that 7 (r) < i(d) and 7 (r) || g. Hence 7 (d) || g and
1 [D] is predense.
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1p is mapped in 1g: By the predensity preservation, for D C P predense,
it follows:

1o =\/1D] <i(\/D)=1(1p)
Complement preservation: We already know thatfora € Bwehave? (a)V
i (—a) = 1g since the subset {a, —a} is predense.

We check instead that 7(a) A 7 (—a) = Oq. By hypothesis, i preserves
incompatibility so a A —a = O must implies (a) A7 (—a) = Og
Completeness: Let A C B. If A is not predense we complete it with A U

{-VA} =A"
A’ is predense. If not, forallb € Band a € A’, we wold havea A b =

Op, that imply
\V (@anb) =08 — (\/AV=\/A)Ap =08
acA’
— 1 Ap=0p
—)pZO]B

Now, applying 7 to elements of A’, we get that {[A’] is predense, and

Vi[Alvi(=\/A) =1 =i(\/ A) Vi(=\/ A). (4.1)

We also know that

>

VilA] <i(\/ A) (42)

and

<i(\/ A) A—-i(\/ A) (4.3)

By @.I)- 4.2)- @.3), we conclude that
\ViA] =1(\/ A).

Injectivity: It is obvious from the fact that, by hypothesis, 7 goes from pos-
itive elements of B to positive elements of Q.

To the other implication, assume 7 is a complete and injective homomor-
phism of Boolean algebras.
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Order preservation (“—*): Leta < b, theni(a) < i(a) Vi(b) =i(aVb) =
i(b).
Incompatibility preservation ("<»”): Leta A b = Op then 0 f(anb) =

Q =
i(a) N1(b). Conversely, let i(a) A i(b) = Ogq, then i(a) A i(b) = 7(a A
b) = Oq. By 7 injectivity, a A b = Op.

Reduction: Let 4 € Q. We claim that D = {b € B : i(b) L g} is not
predense. By contradiction, if \/ D = 1 then 3d € D : i(d) A g >
0g- Now letting r = 1p \ \V D, the reduction of q to B is r. In fact,
Vs <r,1(s) || g. If not, we would have a contradiction: s € D but, by
definition, s A \/ D = Op. O

We now show how a complete embedding of two posets defines a reg-
ular embedding of their Boolean completions.

Lemma 4.3.2. Consider two refined p.o. (P,<p,1p) and (Q, <;,1g) and let i :
P — Q be a complete embedding. Let (B(P),e) and (B(Q), f) be the Boolean
completions of P and Q.

Then i defines a reqular embedding i : B(P) — B(Q) that makes commutative
the following diagram:

Proof. We define the map between B(P) and B(Q) as:
i:B(P) — B(Q)
a s \/{foi(p) :e(p) < a}.

We check that 7 makes commutative the diagram and that it is a regular
embedding by means of Lemma

Commutativity: Forall p € P:

toe(p) = {foi(p)) :e(p’) <e(p)}
:foi(p).
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Double incompatibility preservation (“<+*) : We shall control that for all
a,beP:

For the implication from left to right, define:

As={peP:e(p) <a};
Ap={q€P:e(q) <b}.

Forall p € A,and q € A,, we have thate(p) L e(g) and, in particular,
the following implications hold:

e(p) Le(q) = pLy
—i(p) Li(q)
— foi(p) A foi(g) =0p
= \{foil(p)re(p) <a} A\{foi(qg) :e(q) < b} =0p(g)
= 1(a) A B(b) = Op(q)-

To prove the implication from right to left, assume a Ab > Opp).
By ¢[P] density in B(P), there is a p € P such that e(p) < a AD.
In particular e(p) < a and e(p) < b. Thus foi(p) < V{foi(p') :
e(p') < a} = i(a) and foi(p) < V{foi(p') : e(p’) < b} = i(b).
Hence the conclusion: Op < foi(p) < i(a) Ai(D).

Order preservation (“—"): By 7 definition, it follows that foralla, b € B(P) :

a<b—i(a) <i(b).

Reduction existence: Let ¢ € B(Q). By f[Q] density in B(Q), there is a

q' € Qsuch that f(q") < g. Now, we can pick a reduction p € P of ¢’
to P, so we have:

vp'<p:i(p) Il q"
It follows that Vp' < p :

i(p") 19" < fGE(P)) A f(q') > Op(q)
< ie(p")) A f(q') > Op(q). (44)

We affirm that the reduction of g to B(P) is e(p).
In fact, let Og(py < r < e(p). By e[P] density in B(P), thereisa p” € P
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such that e(p”) < r < e(p). Then in particular, p” || p, that is, there
existsa t € Psuch thatt < p” and t < p. Hence we get the following
chain:

e(t) < e(p”) <r < e(p).
Applying i we get in particular that
ie(t)) < i(r),
and, by (4.4), we finally conclude that

Op(o) < i(e(t)) Ng <i(r) Ag. O

Lemma 4.3.3. Let P * v a two step iteration and consider the Boolean completion
maps jo : P — B(P), j1 : Pxv — B(Pxv). Leti: P — P xv the complete
embedding such that i(p) = (p,1,),1: B(P) — B(P % v) the reqular embedding
generated by i and 7t the retraction associated to 1. If by € B(P xv) and by =
7t(by), by jo[P] density in B(P) pick r € P such that jo(r) < b. Then there is a
T € X, such that j;((r,T)) < b;.

Finally, by means of the previous lemmas, we can connect iterated forcing
and iterations systems of Boolean algebras.

Theorem 4.3.4. In the notation of Definition consider an w-stage iterated
forcing construction with support T C P(«) :

<<<P§/ §P511P§> : C S UC, <<V(§/ §V§/1V§> : C < 0‘>>>
Then
f:{fgﬂ:]Bg—)]Bqtg<l7§(X}
is such that:

(a) ¥¢ < w: (Bg, je) is a Boolean completion of Ps.

(b) V¢ <11 < a, the map iz, makes commutative the following diagram:

i
p. " ., p,

Je Jn

B¢

By

A

ley
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where iz, (p) = p~ (1, 1 ¢ < <1)
(c) V¢ < 1 < w, the retraction 7tz, associated to iz, makes commutative the

following diagram:

7T,
p. " _p,

Je Jn

B¢ By

A

ey

where nﬁg(q) =qly

(d) F is an iteration system of complete Boolean algebras;

(e) if I = P(w), Py is dense in T(F) and thus B, = B(T(F)); if VX € I[(UX <
«) then B, = C(F).

Proof. (a) We choose B = B(Ps).
(b) Use Lemma(4.3.2

(c) Remember that 7z, (j;(p)) = ApAl : fey(b) = jy(p)}. We certainly
have that jz(p [ &) > 7tg, © j;(p) because
iy (je(p 16)) =y oigy(p 1 €)
> jy(p)

and thus jz(p [ ¢) € {b: ig,(b) > jy(p)}-

Conversely, if jz(p [ &) > 7z, o j;(p), then there is a s € Pz such that
je(s) < je(p I &) and jz(s) A gy 0 je(p) = Op,, we can choose s < p [ ¢.
Applying iz, we get:

thuss™ (1, : ¢ <pu<mn) Lp.
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(d)

(e)

But we also have thats < p [ {sos™(p(p) : ¢ < p < 1) < ig(s) and
s~ (p(n) : ¢ < u<n)<p,acontradiction.

We already know that: B for { < a are complete Boolean algebras, fé’?
are regular embeddings with associated retractions 7iz; it remains to
show that for all { < 7 < v < a the composition works: f;,, o Iz, = iz
In fact, for all 2 € B

iy (@) = \/{jvoicu(p) : je(p) < a}

—\/{]volnvolén(P) ]( ) < a}
=\ iy ojyoig(p) : je(p) < a}
= VA{ip otz 0je(p) : je(p) < a}

= 1z, 0 igy (a),
the last equality comes from jg[Pz] density in Bg.

Define the map

f:Py— T(F)
p=(op:p<a)y—= (ulplu):p<a

f is a well-defined map, thatis f(p) € T(F), infactforall p < ¢ < «

Tz (f(p)e) = e (e(p 1 8))
=juo ”yC(P 9
= ju(p 1)
= f(P)H

If Usupp(p) < a then f(p) € C(F).

f is order preserving. In factif p <p, gthenp [ p <p, g [ p for all
p <o thusju(p [ #) <m, ju(q [ 1) and hence f(p) <r(x) f(q).

f[Ps] is dense in T(F). Let b = (bs : ¢ < «) € T(F), we can build a
p € Py such that jz(p | §) <p, b for all { < a by means of Lemma
4.3.31

f preserves incompatibility (i.e. p L g — f(p) L f(q))

Letp L g € P, if by absurd f(p) || f(g), then thereisa t € T(F) such
that t < f(p) and t < f(q). Now, by f[P,] density, we can choose a
r € Py so that f(r) < t. It follows that f(r) < f(p) and f(r) < f(q),
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e, (el 1) & < a) <rem {e(p 1) ¢ < ) and (ja(r 18): € <
) <1(F) (e(q 18) : ¢ <)

In particular, for all § < a we have jz(r [ &) <p. jz(p | {) and je(r |
¢) <p je(q 1 G).

By jz property, it follows that 7 [ ¢ || p [ Cand 7 [ ¢ || q [ ¢ for all
¢ <. O
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