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ABSTRACT

This thesis is divided in three parts. In the first one we follow the exposition of
forcing via boolean ultrapowers; in the second one we discuss the classification
of forcing extensions by means of first-order properties; in the last one we at-
tempt to define an inner model with the x -approximation property (Definition
[2.2), that could be related to the topic of inner models for large cardinals.

In the first chapter we start with some general algebraic notions (Section
and|L.3), introducing the concepts of x -complete boolean algebra (Defi-
nition|1.33) and free boolean algebra (Deﬁnition, together with some basic
results (Theorems and [1.41). A brief exposition of forcing with boolean-
valued models follows (Sections from[1.4]to[1.7), together with some more recent
results (Section[1.6) Theorem[1.57) about boolean ultrapowers. In the last part
of the chapter (Section[1.8), we briefly relate what we presented to the classical
exposition of forcing with posets.

In the second chapter, after an introduction (Section[2.1) to some first-order
properties that an inner model M may have with respect to V, we use these
properties to prove the following three theorems:

Theorem (Laver, [2.16). If V is a forcing extension of M, then M is a definable
class in V with parameters in M.

Theorem (Bukovsky, [2.31). Let M C V be models of zkc. Then V is a generic
extension of M by a x-cc forcing iff M globally x -covers V (Definition[2.5).

Theorem (Friedman, [2.34). Let M C V be models of z¢c. Then V is a generic
extension of M by a forcing of size at most x iff M globally k*-covers and « -
decomposes (Definition[2.3) V.

In the last part of the chapter (Section|2.5), we use these results to obtain a
first-order formulation of the Ground Axiom, in a similar way to the one found
in [6, Reitz].
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In the last chapter we first discuss the properties of sets x -approximated in
M (Section [3.1), proving that the class .«/)s of such sets is closed for all Gdel
operations except for the couple, and thus satisfies all axioms of zrc except for
the existence of couples, the power set axiom, and a weakened version of com-
prehension (i.e., comprehension for formulas of the kind ¢, Theorem. We
shall then use these results to prove that, assuming 2 (A) stationary in 2.V (1)
for some A, the class:

M = U {HR [X]: R € .¢/jy well-founded relation R C Xz}

with ITg transitive collapse of R in V, is closed for all Godel operations (Theorem
. We have found a difficulty in the fact that the class M" might not be almost
universal, thus not a model of zrc. With the additional assumption that M is
almost universal, we obtain (Theorem that M is the minimal transitive
class M c V such that:

1. McM,
2. MEz¥c,
3. M x-approximates V.

We assume that the reader knows the basic results about first-order logic and set
theory. Reference texts for these topics are [5, Chapters 1-4], [1, Chapters 1, 3].

To read Chapter 2 one need to know the topics exposed in Chapter 1. To read
Chapter 3 it is enough to read Section[2.1]
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INTRODUZIONE

Questa tesi € divisa in tre parti: nella prima parte si seguira una presentazio-
ne del forcing tramite modelli a valori booleani e delle ultrapotenze booleane,
nella seconda si discutera della classificazione di estensioni di forcing mediante
proprieta del primo ordine, mentre nell’'ultima parte si cerchera di costruire un
modello interno con la proprieta di x-approssimazione (Definizione [2.2), mo-
dello che potrebbe essere utile nell’ambito della ricerca di modelli interni per
grandi cardinali.

Nel primo capitolo, dopo aver introdotto alcune nozioni algebriche generali
(Sezione e[L.3), tra cui i concetti di algebra di boole k -completa (Defini-
zione(1.33) e di algebra di boole libera (Definizione(1.35) e alcuni risultati di base
(esistenza e unicita, Teoremi[1.37]e[1.41), si passera a una breve esposizione del
forcing tramite i modelli a valori booleani (Sezioni da[1.4]a[1.7). Durante questa
trattazione si presenteranno alcuni risultati piti recenti (Sezione 1.6/ e Teorema
sulle ultrapotenze booleane non generiche. Nell'ultima parte del capitolo
(Sezione[1.8), si fara un accenno alla presentazione classica del forcing tramite
posets.

Nel secondo capitolo, dopo aver introdotto (Sezione alcune proprieta
del primo ordine che un modello interno M puo avere nei confronti del modello
esterno V, le si utilizzeranno per dimostrare i seguenti tre risultati:

Teorema (Laver, 2.16). Se V é una estensione di forcing di M, allora M é una
classe definibile in V con parametriin M.

Teorema (Bukovsky, [2.31). Dati M C V modelli di zrc, V é una estensione ge-
nerica di M mediante un forcing x-cc se e solo se M k-ricopre globalmente V

(Definizione[2.5).

Teorema (Friedman, 2.34). Dati M C V modelli di zrc, V é una estensione gene-
rica di M mediante un forcing di taglia massimo x se e solo se M k -decompone
(Definizione|2.3) e k* -ricopre globalmente V.
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Lultimo risultato (Friedman) € una recente generalizzazione del precedente
teorema di Bukovsky. Il primo & un risultato recente, cha il merito di aver dato
avvio allo studio dei ground model e alla cosiddetta set-theoretic geology: nell'ul-
tima parte (Sezione si trattera brevemente 1'argomento dei ground model,
esponendo una definizione simile a quella proposta originalmente in [6, Reitz].

Nell'ultimo capitolo si studieranno dapprima le proprieta degli insiemi
K -approssimatiin M (Sezione3.1), dimostrando che la classe .¢/j; di questi in-
siemi & chiusa per tutte le operazioni di Godel eccetto la coppia, e che soddisfa
quindi tutti gli assiomi di zrc eccetto per coppia, insieme potenza, e una versione
piu debole dell’assioma di comprensione (i.e., comprensione per formule relati-
vizzate in M, Teoremal[3.6). Successivamente si utilizzeranno questi risultati per
dimostrare che, assumendo che 37’KM (A) sia stazionario in ?}’KV(A) per qualche A,
la classe:

M= U {HR [X]: R e .d/) relazione ben fondata R C Xz} ,

dove Il € la mappa di collasso transitivo di R in V, & chiusa per operazioni di
Godel (Teoremal3.13). E stata poi individuata una difficolta nel fatto che la clas-
se M" potrebbe non essere quasi universale, e quindi non essere un modello di
zrc. Con l'assunzione addizionale che M" sia quasi universale, si otterra tutta-
via (Teorerna che M" & caratterizzabile come la minima classe transitiva
M c V tale che:

1. Mc M,
2. ME zFc,
3. M x-approssima V.

Lo scopo di questa tesi € duplice. Per quanto riguarda la prima parte, lo sco-
po & esporre in maniera pil1 chiara e completa alcuni risultati molto interessanti
ma ancora poco noti sulla definibilita al primo ordine di proprieta di estensioni
di forcing. Per quanto riguarda la seconda parte, lo scopo € studiare nuovi modi
per costruire modelli interni che potrebbero essere utili nell’ambito della teoria
dei grandi cardinali.

Assumiamo che il lettore conosca le basi della logica del primo ordine e della
teoria degli insiemi, testi di riferimento in cui si puo trovare questo materiale
sono rispettivamente [5, Capitoli 1-4] e [1} Capitoli 1 e 3].

Per leggere il Capitolo 2 & necessario conoscere gli argomenti trattati nel Ca-
pitolo 1, mentre per leggere il Capitolo 3 & sufficiente la sola Sezione[2.1} senza i
teoremi sulle estensioni di forcing.



NOTATIONS AND CONVENTIONS

a,f,... and i, j,... will be used for ordinals;

K,A,0 will be used for cardinals;

AB,... will be used for sets;

M,N,V will be used for sets or classes that are models of zrc;

p.q,... will be used for conditions in P;

Q,R,... will be used for sets of conditions in IP;

o,Y,... will be used for formulas;

o, will be used for sets of formulas;

=, will be used as logical relations in the metatheory;

—, will be used as operations in boolean algebras (or formulas);
A is the symmetrical difference xAy = (x A=y ) vV (-nx Ay)
f~1(A) is the set of preimages f~1(A)={x: f(x)=A};

flA], f71[A] isthe set of images f[A] ={f(x): x € A} (resp. with f~1);
ran(A) is the range of a function;

dom(A) is the domain of a function or a structure (the dom operator will be

implied when clear from the context );

Z(X) is the set of al subsets of X of size < k;
int,cl are the closure and interior topological operations;
pred(x, R) are the predecessors of x in the transitive closure of the

order relation R;
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is the stage a of the cumulative hierarchy in M;
is the class of all sets hereditarily of cardinality < «;
is the interpretation of ¢ in the model M;

is a P-name for A;

where A € M is the standard P-name for A in M;
is the zrc model generated by M and A4;

is the class of all P-names in M;

vii



CHAPTER 1

PRELIMINARIES

In this chapter we shall briefly show some basic results on posets, boolean al-
gebras, and forcing extensions. The main results are Theorem on boolean
algebras, Theorems|1.44} [1.48} [1.55] [1.71| on forcing extensions, and Theorems

11.57, on boolean ultrapowers.

1.1 Posets

The theory of posets and boolean algebras (Section[1.2) has played a major role
in set theory in the last decades, allowing the development of the method of
forcing. We shall now expose the basic definitions and properties about posets
that will be useful later on.

Definition 1.1. A poset (partially ordered set) is a set P together with a binary
relation < on P which is transitive, reflexive and antisymmetric.

We are also interested in some special subsets of posets with certain proper-
ties, as the following.

Definition 1.2. A subset A C P is a chain if and only if is totally ordered in P.

Definition 1.3. Givena,b €P, we say that a and b areincompatible, in formulas
a L b, ifand only if:

alb o -—-dc:c<anc<b

Similarly, we say that a,b are compatible, in formulas a || b, iff=(a L b).



1 Preliminaries 1.1 Posets

Definition 1.4. A subset A C P is an antichain if and only if every two element in
A areincompatible:VYa,beA: a=bVa lb.

Definition 1.5. An antichain A C P is maximal if and only if no subset B C P,
B> A is an antichain.

Definition 1.6. An antichain A C P refines an antichain B C P if and only if for
every a € A thereexistsab € B such thatb < a.

Definition 1.7. AsetD C P isdenseinP iff forevery p € P existsd € D withd < p,
i.e. D is dense in the order topology.

There is a close connection between the definitions of dense sets and an-
tichains, as shown in the following result.

Theorem 1.8. Every dense set D C P contains a maximal antichain A C D. Con-
versely, the downward closure of every maximal antichain is dense.

Proof. Given D C P, by Zorn’s Lemma let A € D be a maximal antichain with
respect to D. This same antichain must be maximal also in P: any x L A would
have an y < x in D, which would be y L A, contradicting maximality of A in D.
Conversely, given A C P maximal antichain, let D = {peP: 3acA p <a}l.
Every p e Pmustbe p || a for some a € A by maximality of A, hence has a r, with
Iy <p, 1y <a=ry€D. Thus D is dense. O

We shall now define the most common properties of posets, that we will
need later on.

Definition 1.9. A poset P is separative iff for all p € P, there exist q,r € P with
g<p,r<p,qlr.

Separativity is often used as a “non triviality” property, since for most pur-
poses any set of non-separable elements can be collapsed into a single element.

Proposition 1.10. LetP be a poset. There exists a separative poset Q and a map-
ping h of P onto Q such that:

x<y = h(x)<h(y)
xly o hx)Lhy)

Proof. QQ is the quotient of P under the equivalence relation:
x~yeoVzeP(zlx—zly)
with ordering given by:

x]<[y]eVz<x)z|ly O



1 Preliminaries 1.1 Posets

Definition 1.11. A poset P is k-closed if and only if every decreasing chain
(pa:a <) with A <k is bounded by some element of P.

Definition 1.12. A poset P is k-cc (satisfies the k-chain condition) if and only if
every antichain has size < K.

Definition 1.13. A poset P is k-distributive if and only if every family F of <
dense sets inP has dense intersection (|7 .

The last two properties for a fixed k excludes each other, as we can see in the
following proposition.

Proposition 1.14. A k-cc separative poset P is not x* -distributive.

Proof. Assume that P is instead x*-distributive. Let Dy be dense in P, and de-
fine by transfinite induction two sequences A;, D;: for every i < k, let A; be a
maximal antichainin D;, Diy1 ={p€P: 3g€A; p<q}and Do =),_,
limit ordinal. The limit step for i < k is allowed by x*-distributivity. Define

D;fora

F={fc(xxP): fisafunction A f(i)eA;A(i<j— f(i)> f())}

Since P is separative, there is an injection of 2% in .7 for every i successor, there
are at least 2 choiches for the value of f(i) given f |;. So | Z| > 2*.

For every p € Ay, define f, € # as the unique function such that f,(i) > p
for every i < k. This definesamap h:Ax — Z, h(p)= fp.

This map is surjective, otherwise let g ¢ h[Ax]. Since Ay is a maximal an-
tichain, for all i < k let p; € Ax be the only one such that g(i) || p; (in fact
g(i) > pi, since Ay is below A;). Since |Ax| < k, there must be a g € A, such
that the set {i <x: p; =¢q} has size k. This set must be unbounded in «, so for
every i < k, thereis a j > i such that g(i) > g(j) > pj = g, so h(q) = g against
the hypothesis.

Then | 7| <|Ak| < x, which contradicts | % | > 2¥. Hence the assumption that
P is x*-distributive must be false. O

The following definitions are a crucial step in classical development of forc-
ing: although we will not follow that approach, they will still be needed later
on.

Definition 1.15. Aset I CPisanideal inP iff (ac€IANb <a)— b eI and
abel—3icel: (a<cAb<c).

Definition 1.16. Aset FC Pisafilter inP iff (f€e FAf < g)— g€ F and
fr.geF—3heF:(h<fAh<g).



1 Preliminaries 1.2 Boolean Algebras

Definition 1.17. AnidealI isprincipal iff =1, ={q€P: q < p} for somep €P.
Similarly, a filter F is principal iff F=F,={q €P: p <q} for somep €P.

We shall mostly be interested in non-principal ideals, and sometimes in
much stronger non-triviality properties, as the following.

Definition 1.18. Let M be a transitive model of z¢c and P € M be a poset. A filter
G c P is M -generic for P if and only if it intersects every dense set D € M.

Equivalently, a filter G is M-generic if it intersects every maximal antichain.
The same definition can be stated also for non-canonical models (M, E).

Definition 1.19. Let (M, E) be a model of z¢c and P € M be such that M FE
P is a poset. A filter G C P is M -generic for P if and only if (GN D)™ # 0 for ev-
ery D CPin M such that M E D is dense .

If P is a separative poset, M-generic filters cannot be found in M itself.

Theorem 1.20. IfP € M is a separative poset, then no filter G C P in M is M -
generic.

Proof. Since P € M is a separative poset, if G is a filter in P then Dg =P\ G
is trivially dense and GNDg =0. Then if G € M, also Dg € M hence G is not
M -generic. O

The previous theorem raises metamathematical problems regarding the ex-
istence of generic filters, which for example do not exist if M = V. To overcome
this issues we will focus on the boolean-valued model approach to forcing, in
which generic filters are not explicitly needed.

1.2 Boolean Algebras

Boolean Algebras are a special kind of posets that generalize the concept of truth
value, from the classical two-valued notion to a many-valued notion. Our refer-
ence text for the results on boolean algebras is [4].

Definition 1.21. Alattice is a poset in which any two elements a, b have a unique
supremum a\ b (least upper bound, called their join) and infimum aA\b (greatest
lower bound, called their meet).

Definition 1.22. A distributive lattice is a lattice in which the operations of join
and meet distribute over each other.

Definition 1.23. Abounded lattice is a lattice with a least element (called 0) and
a greatest element (called 1).



1 Preliminaries 1.2 Boolean Algebras

Definition 1.24. A complemented lattice is a bounded lattice in which every ele-
ment a has a complement, i.e. an element b satisfyingavb=1andaANb=0.

Definition 1.25. Aboolean algebra is a complemented distributive lattice.

A standard example of boolean algebra is the regular open algebra of a topo-
logical space X.

Definition 1.26. Let X be a topological space. The regular open algebra of X is
RO(X)={a c X: a=intcl(a)} ordered by set-theoretical inclusion.

All the definitions we stated about poset in section |1.1| can be extended to
boolean algebras, by considering the corresponding poset P = 23 \ {0}. For
example, two elements of a boolean algebra are incompatible if a A b = 0.

This process can be applied also to the ideal and filter definitions. However,
to gain a little more insight into what this definition really mean for boolean
algebras, we first need to mention the similar concept of boolean ring.

Definition 1.27. A boolean ring is an algebraic ring that consists only of idem-
potent elements, i.e. elements such that x> = x.

Remark 1.1. There is a bijection between boolean rings and boolean algebras,
givenbyx-y=xAy,x+y=xAy,xVy=x+y+x-y.
Definition 1.28. A set I C 3 is anideal in B if and only if it is closed forV in I,
and arbitrary A:
acl,bel = avbel
acl,be®B = aAbel
Equivalently, I is an ideal of the boolean ring corresponding to 9 (or an ideal
of the algebraic structure (4, v, A), which however is not a ring).

Definition 1.29. IfI is an ideal of 9, the quotient 98/ is the quotient of B with
respect to the equivalence relation defined bya =1 b < aAbel.

The quotient is always well-defined, since correspond to algebraic quotient
in the boolean ring interpretation.

Definition 1.30. A set F C & is anfilter in 9 if and only if it is closed for A in F,

and arbitraryV:
acFbeF = aAbeF
acEbe® = aVbeF

Thus F is the dual of an ideal (hence an ideal of the algebraic structure
(9B,A,V)). We stress that this last definitions are all equivalent with those in sec-

tion[l.1]applied to P = 8 \ {0}.
Definition 1.31. A set U C 2 is an ultrafilter in B if and only if U is a filter and

VpeRB: pcUvVv-pelU



1 Preliminariés Infinite Operations and Free Constructions on Boolean Algebras

1.3 Infinite Operations and Free Constructions on
Boolean Algebras

The operations of join and meet can be extended to arbitrary subsets of a
boolean algebra.

Definition 1.32. Let 8 be a boolean algebra. For A c 3, \/ A (\A) is the least
upper bound (the greatest lower bound) of A in the partial order (5, <), if it exists.

In the most general case, the meet (resp. join) of a set A does not need to
exist; we are interested in the boolean algebras in which it does.

Definition 1.33. A boolean algebra 3 is complete (x -complete) if both \/ A, ]\ A
exist for every A C B (for every A C B with|A| < k).

Let Cy, C denote the classes of k-complete (respectively complete) boolean
algebras. We define the notion of completeness for homomorphisms of boolean
algebras:

Definition 1.34. An homomorphism h of boolean algebras is complete (k -com-
plete) if h(\/ A)=\/ h[A], h(\ A) = )\ h[A] for every A C B (for every A C B with
|A| < k) for which\/ A, )\ A exist.

Naively, a boolean algebra 93 should be free over X if and only if X is a set of
algebraically independent generators in 93. This intuition can be made precise
by means of the following definition.

Definition 1.35. A free boolean algebra over X is a pair (e, B), with 9 boolean
algebraand e : X — 3B, such that for every map f : X — 9B’ into a boolean algebra
9B’ thereis a unique morphism g : B — B’ satisfyinggeoe=f.

Definition 1.36. Afree k-complete boolean algebra over X is a pair (e, ), with
B k -complete boolean algebraand e : X — 3B, such that for everymap f : X — %’
into a x-complete boolean algebra %’ there is a unique k -complete morphism
g: B — B’ satisfyinggoe=f.

Theorem 1.37. If (e, A1), {(e2, Bo) are free (free x-complete) boolean algebras
over X1, X, and | X:| = |Xz|, then 93, is isomorphic to 9.

Proof. Let f : X; — X, be a bijection from X; onto X,. Since % is free over
X let ¢y : B1 — AB» be the unique morphism such that ¢p; oe; = ez o f. Since
also %, is free over Xy, let ¢, : B, — 9B; be the unique morphism such that
¢aoes=eyof L

The composition ¢y 0 ¢ : %B; — 9B; is a morphism of %B; with
¢20¢;0e; =ej; by freeness of 9, such a morphism is unique, hence ¢, o ¢,

6



1 Preliminariés Infinite Operations and Free Constructions on Boolean Algebras

must be the identity on 93;. Similarly, ¢; o ¢, must be the identity on 9,. Then
¢1, @2 are inverses of each other, hence 2 is isomorphic to %’. O

Since all free boolean algebras over X are isomorphic, we can choose Fr(X)
to be any of them. Similarly, we can define Fr,(X) as the unique, up to isomor-
phisms, free k-complete boolean algebra over X.

We now aim to show that Fr(X) and Fr(X) exists for every set X.

Definition 1.38. Let«x be an infinite cardinal, 3 a boolean algebra, A C . Then:

(A) = (\{B: Ac BC % A B asubalgebra of B}
(A)F™ = ({B: Ac BC B A B ak-complete subalgebra of 3}
(A)°™ = ({B: Ac Bc B A B acomplete subalgebra of B}

is the subalgebra (resp. x-complete subalgebra, complete subalgebra) generated
byAin A.

Proposition 1.39. Let 2 be a k -complete boolean algebra, k regular, A C B. If
AB is k-completely generated by A (i.e. B =(A)* ™), then |RB| < (|A|+ w)<*.

Proof. Define by induction subsets A; of 23 for i <x: let

Ay = AuU{0,1}
Aipn = AjUf~a: acA}u{\/B: Be2(A)}
Aa = Ui<aAi

It is easily checked by induction on i < k that A, C (A)*"“™. Moreover, by regu-
larity of x we have that A is a k-complete subalgebra of £ (it is trivially closed
under - and \/, hence under \), so (A)*“™ C Ay, thus (A)* ™ = A,.

An easy induction on i < x shows that |Ax| < (JA| + w)<¥, hence | 8| =
[(A)™| =1A| < (1Al + )=+, m

Corollary 1.40. IfFr.(X) exists, then |Fr(X)| =|X|=*.

Proof. Let (e, B) = Fri(X), B’ = (X)*"“™in AB. Since B’ C B and 4 is free over
X, the map e can be extended to a k-complete morphism f: 8 — 93’. Then the
identity map Ip of B and f are both endomorphisms of 93 that extend e. So it
must be that f = I hence % = %’ and by Property[1.39} | 8| =| 8’| < |X|**.

We now prove that || > |X|<*. Otherwise, there should be two different
x,y € Z¢(X) such that /\ e[x] = /\ e[y]. Suppose without loss of generality that
y € x. Then the map e’ : X — 2 defined by e’[x] = {1}, e’[y \ x] = {0}, cannot be
extended to a morphism ¢ from 2 to 2 since

1

Ne'lxl= A\¢lelxll=¢o(/\elx]))=
p(NelyD=NAolelyll=Ae'lyI<\ely\x]=0

7



1 Preliminaries 1.4 Boolean-Valued Models

that implies 1 <0, a contradiction. O
Theorem 1.41. Fr(X) exists for any set X and regular k.

Proof. Let A = |X|, and suppose A > w, otherwise Fr,(X) = Fr(X) is the finite
boolean algebra with 22 elements. Let Z be the family of k-complete boolean
algebras whose domain is contained in A<*¥ generated by an image of X:

Z ={(h,B): BeCxAdom(B)C A~ Ah:X— BA(h[X])"""" =B}

If we enumerate = {(h;, B;): i < 0}, let B’ =] |
that #/(x)=(h;(x):i < 0).

Consider in the boolean algebra B’ the subalgebra % = (h/[X])* ™. We show
that (h/, 3) is a free k-complete boolean algebra over X.

Given C a k-complete boolean algebra, k : X — C, let C' = (k[X])*“™. By
Property[1.39]|C’| < A<, so there must be a bijection ¢ : C’ — C” c A<¥, then
(¢pok,C")=(h;,B;) € Z forsome i < 0. Let 7r; : B’ — B; be the canonical pro-
jection onto B;, such that ;0 h’ = h;. Then ¢ ~! o 7t; is a k-complete homomor-
phism from 2 to C satisfying ¢ "lom;oh/=¢~loh; =k (since h; =¢ok). O

B;, and set b’ : X — B’ such

i<6

Remark 1.2. With abuse of notation, the set X can be identified with its image
e[X], hence regarding a boolean algebra 2 free over X as a superset of X.

1.4 Boolean-Valued Models

In this section, we shall briefly expose a generalization of first-order models with
boolean algebras, important for its wide applications in consistency proofs. Our
reference text for statements in the next few sections is [2, 14].

Boolean-valued models can be defined for any signature o (even if we will be
interested only in models of set theory with canonical signature) and complete
boolean algebra 9. Such a model will consist of a set .# of names, together with
an interpretation f : .#" — _# for every n-ary function symbol f € o, and an
interpretation R : .#" — 3 for every n-ary relation symbol R € o (including
equality) satisfying some axioms we will see later.

The interpretation function induce an assignment of a truth value [¢ | € B
to every closed formula ¢, by means of:

1. [R(t1,...,t))]=R(t1,..., 1)
2. [¢]=-[¢]
3. [ovyl=[o]vIiv]
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4. [3x9p)] =V e, [#(1)]

As previously stated, the interpretation function is required to satisfy the fol-
lowing axioms.

3. [s=t]At=u]l <[s=u]
4. [§= 7] ARG < [R(D)]
5. [§= 1A [u=f@] < [u= 0]

Axioms 1-3 are a generalization of equality axioms to boolean-valued mod-
els, axioms 4-5 are substitution axioms with R relation symbol and f function
symbolin o.

Note how the notion of a boolean-valued model generalizes the notion of a
model, and the boolean value generalizes the satisfaction predicate F. If 3 =2,
then a boolean-valued model is just a (two-valued) model; considering .#/ =
wheret =s < [t =s]=1.

In most cases, boolean-valued models can be used almost like models, by
replacing the notion of truth with the notion of validity.

Definition 1.42. A formula ¢ isvalid in /4 if [¢p] =1. A theory T isvalid in ./
ifforevery ¢ € T, ¢ isvalid.

Theorem 1.43. Ifa formula ¢ is provable from T and T is valid in # , then ¢ is
valid in M/ .

Proof. We have to check validity of logical axioms and rules of inference for first-
order logic. We shall use the deductive system reported in [5].

The propositional axiom (=AV A) hold since [“AV A] =—[A] V[A] =1. The
other propositional rules need similar trivial verifications.

Expansion Rule (A BV A): [Al=1=[BVA]=[B]vi=1.
Contraction Rule (AVAFA): [AVA]=1=[A]=[A]V[A]=[AVA]=1.

Association Rule (AV(BVC)F(AVB)Vv(C): if [AV(BVC)] = 1, we have
[(AvB)VC]=[AlVIBIVICI=[AV(BVC)]=1.

CutRule (AV B,7AV CF BV C): the hypothesis [AVB] =1, [FAVC] =1 im-
plies that B>—-A, C> Ahence [BVC] > [-AVA]=1.
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The first-order axioms and rules can now be similarly verified.
Substitution Axiom (A(a) — IxA(x)): [AxA(x)] = \/teJ/t [A(£)] = A(a).
Identity Axiom (x = x): is axiom 1 of boolean valued models.

Equality Axioms (¥ = j — f(X) = f(§), X =y — R(X) — R(¥)): are axioms 4-5 of
boolean valued models.

J3-Introduction Rule (Vx (A(x)— B)F (IxA(x))— B): if [Vx(A(x)— B)] = 1,
then [(AxA(x))— B] = [(Vx-Ax))VB] = (A,c,[FA(0]) v [B] =
Nien ([FADTV[BD) = [Vx (~A(x) Vv B)] = [Vx (A(x) - B)] = 1. m

The last result is crucial, because allows us to use boolean-valued models
instead of models for consistency proofs.

Corollary 1.44. IfT isvalid in # and [¢] >0, then ¢ is consistent with T.

Proof. If ¢ where not consistent with T, =¢ would be provable from T hence
valid in ./ ; then [¢] =—-[-¢] =-1 =0, a contradiction. O

A relevant property of boolean-valued models is the following.

Definition 1.45. A boolean-valued model # is full if it satisfies the fullness
lemma, i.e., for every formula ¢ with parametersin

Are: [3x ¢p(x0)] = [¢(1)]

Boolean-valued models with this property can be transformed into two-
valued models, by means of the following construction.

Definition 1.46. Let _# be a boolean-valued model, and U C % be an ultrafilter.
Then =y is a two-valued relation on ./ defined by:

h=yt & [h=t]eU

Definition 1.47. Let ./ be a boolean-valued model and U C 9B an ultrafilter.
Then My is the two-valued model with support M /=y, functions and relations
fu, Ry induced by the canonical projection ny : M — M | =y. More precisely,

fulth,....tl) = nu(f(eh,....t")
Ry(ty,...,th) < R(tY,...,t")eU

wheret!,...,t" are any representatives for the equivalence classes t};,..., t]}.

10
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The fact that fy, Ry are well-defined is easily checked using axioms 4-5 of
boolean-valued models. From now on, we will use the notation x;; to mean
my(x) for any x € .4 . Notice that the equivalence classes in .# might be quite
large, e.g. when ./ is a model of set theory these classes can not be sets. How-
ever, this technical problem can be circumvented by means of the well-known
Scott’s Trick (i.e. by choosing as representatives of the equivalence classes only
the elements with minimal rank).

When the boolean-valued model ./ is full, there is a close connection be-
tween ./ and ./y, explained by the following Theorem [1.48] (generalization of
Lo$ Theorem for generic boolean-valued models).

Theorem 1.48 (LoS). Let .# be full, U ultrafilter on 9. For any formula
¢(x1;---;xn);

MyFE P([x1],...,[xn]) © [@(x1,...,x5)] €U

Proof. If ¢ is atomic, the thesis is true by definition. If ¢ is a negation or a con-
junction, it follows from the basic properties of ultrafilters and truth value.

Let now ¢ be 3xy(x). Let a € ./ be such that [y (a)] = [Ixy(x)] by full-
ness; then [Ixy(x)] €U = Ja [y(a)] €U = My FEyY(a) = My E Ixp(x).
Also, Ay EIxy(x)= Fa [Y(a)] e U=> \/ae% [Y(a)] =[3xy(x)] €U. O

1.5 The Model V#

We are now interested in defining a boolean-valued model of zrc with canonical
signature 0 = (=,€). In particular, we are interested in a canonical construc-
tion of a boolean-valued model of zrc starting from a model M and a complete
boolean algebra 2.

Throughout this paper, we shall also use additional symbols for definable
classes when convenient. Although, this symbols can be eliminated then is suf-
ficient to study the case o =(=,€).

Definition 1.49. For M a model of zrc and 3 € M a complete boolean algebra,
we define:

M7 =0

M2, = {TEM: TCMZPZXRBAT isapartialfunction}
M7 = UgeMy  foralimit

M? = UanNMong

We call the elements of M# 98-names.

11
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Definition 1.50. Given T € M?, define therank of T as:
rank(7)= min{a €ON: 1€ Mﬁil}
Definition 1.51. Given x € M, define the canonical 9 -name X recursively by:
x={(y,1):yex}
Theorem 1.52. M? is a boolean-valued model of set theory, where:

[11€72] = Vi p)er, ([r1=01Ap)
[t1S72] = /\(tr,lg)ef1 (-p Vo e7.l)
[t1="2] [t1 ST A[r2C71]

Proof. We need to check axioms 1-4, since we don’'t have any function symbols
(axiom 5).

For axiom 1, it suffices to show that [t € 7] = 1. By induction on the rank of
% -names we have that [0 C0] =1 and:

[r<7] = Agip)e: P1VIo1€7]
= /\(Ul,pl)ET [_'pl v \/(Uz,pz)GT ([[0'2 =o1]A pZ)]
Z /\(O’l,p1>€T [_'pl v ([[01 =01] /\pl)] = /\(U‘l,p1>€T [_'pl v pl] =1

Axiom 2 holds trivially since the formula for computing the boolean value
for equality is symmetrical.

Axiom 3 and 4 can be similarly shown to hold by simultaneous induction on
the rank of %-names. A complete proof can be found in [2, Lemma 14.16]. O

From now on, V will be a model of zrc with canonical signature (=,€), %
a complete boolean algebra in V, and we will concern only about the boolean-
valued model V%.

Lemma 1.53 (Mixing). IfA C & is an antichain, (t,: a € A) are names in V%,
there exists a name 7 such that

VacA [t=1,]>a

Proof. Lett=|J,.,{(0,pAa): (o,p) €14}, then T witnesses the truth of the
property above. O

Lemma 1.54 (Fullness). VZ is full.

12
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Proof. Given ¢ formula with parameters in M, let A be a maximal antichain
below {[¢(t)] : t € V#}. Forall a € A, let 7, € V? be such that [¢(7,)] > a.
By Mixing Lemmal[1.53} let 7 be such that forall a € A, [t =7,] > a.

Then [¢(7)] = [T =74l A [¢(74)] = a forall a € A, hence [¢(1)] =/ A.
Thus, by maximality of A, we have [¢(7)] = [3x ¢(x)]. O

From this well-known lemmas, one may prove the following main result.
Theorem 1.55. For every axiom ¢ inzrc, [¢] =1.

Proof. We need to verify nine axioms. Complete proofs for the following results
can be found in |2, Theorem 14.24].

Extensionality: If ¢ is extensionality, for any x, y:

[oe,y)] = [Vz(zex—zey)—x=y]
= -[Vz(zex—zey)]Vv]x=y]

= N\,evs [z€x—zey]Vvx=y]

We have that:

Neevs [2€x—2€y] = N,cpwlzexvzey]
/\(z,p)ex—'[[zex]]v [zey]
Nzpyex PV I2€y]
[x<y]

IN A

The third passage follows from (z, p) € x = [z € x] > p. Then,

[pC, )] = —Nevszex—zey]vx=y]
> ([xcylnlyvex])Vvix=y]
= ~[x=y]vx=y]=1

Pairing: Given x,y € V%, z = {(x,1),(y,1)} € V? is a witness for the pairing
axiom.

Separation: Given x € V? and a formula with parameters ¢(z), y =
{{z,p AN [¢(2)]): (z,p) €x} € V? is a witness for the separation axiom.

Union: Given x € V#, y = dom (U dom(x)) x {1} is a witness for the union
axiom, in the weak form.

Power Set: Givenx € V#,y ={zeV?: z:dom(x) — %} x {1} is a witness for
the power set axiom, in the weak form.

Infinity: « is a witness for the axiom of infinity.

13
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Replacement: It suffices to verify the Collection Principle, hence that for every
x € V# there is an y € V¥ such that:

[Vuex(Fvo(u,v)—»Iveyp(u,v))] =1

Herewelety = U {yu : u e dom(x)} x {1}, where y, is a set such that:

\ [ow,v)] =\ [¢ )]

vev® V€Y
Foundation: Suppose by contradiction that there exists an x € V¥, such that:
[Fu(wex)A(Vyex)(3zey)zex]=b>0

Let y € V? be of least rank such that [y ex] Ab > 0. Since [y ex] Ab <
[(3zey)zex], thereisaz €dom(y)suchthat [zex]A [y €ex] Ab>0,
which contradicts the minimality of the rank of y.

Choice: Givenxe V%, let f= {(y,y)wa AS dom(x)} x {1}. Since
flx] c dom(x)= {(7,1): y edom(x)}

define < on x as [y <z] = [[f(y) R f(z)}], where R is any well-order of
dom(x)in V. Then [x is well-ordered by <] =1. O

As a consequence of Corollary[1.44} we can now prove that for any formula
¢, whenever we can find a complete boolean algebra 2 such that [¢] > 0 in
V%, the formula ¢ is consistent with zrc. However, we are also interested in
actually defining a two-valued zrc model in which ¢ is true.

Corollary 1.56. For any ultrafilter U C %, Vi is a model of zrc.

Proof. V? is full by Theorem Then, this result is an easy application of L.o$
Theorem and Theorem O

If U is any ultrafilter such that [¢] € U, from Lo§ Theorem[1.48] [¢] € U
implies that VU% E ¢, thus VU‘% is the required two-valued model. However, in
most cases VU‘(’3 will not be well-founded, hence not isomorphic to any transitive
model of zrcin V.

Theorem 1.57. Vl}’a is well-founded if and only if U is w, -closed.

Proof. First, suppose that U is not w;-closed. Let (u;: i € w) be a decreasing

chain in Uwith/\ ui=u,¢U.Foreverynew,let A, = {(Z, un+,-> : iea)}.

icw

14
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Notice that [A4, Cw] = 1, [[Angf}] = TUptitl, [[Angf] = Up+i. Then
(mry(Ay): n € w)is an ill-founded chain:

[Ap+1€A,] = \/iew (EAn+l = ZH A un+i)
= \/iew( Z
= ice TUnt14+i A Unti A Unti)
= \/iEw(un+i AT Uptit1)
= Vieo \/j<i (”nﬂ' /\_‘”n+j+l)
= \/iew(u”/\_'u”+i):u"/\_'/\iew Un+i = Un A TUo €U

The equality between the last two rows is easily proved by induction using the
fact that [u, A upti] VI{Uupsi AUnyin] = Up AUpyiv.

Finally, suppose that U is w;-closed but V? is ill-founded. Let
(mry(Ay): n € w)be an infinite decreasing chain in VU%, ie. [A,r1€A,] €U for
everyn € w. Letu = /\ [An+1 €Ay, wehave that u € U since U is w1 -closed,
hence u > 0.

From Theorem [1.55, we know that [foundation axiom] = 1, hence
[A is well-founded] = 1 for any set A € V# for which [[A # ﬁ]] =1, in particu-
lar for A={(A;,1): i € w}.

new

[A is ill-founded] [(VyeA)(Fzey)zeA]

= Nyev» vy €Al = [(Bz€y)z€A]
Nyevsico [y =Ai] v [(@Ez€y) z€A]
/\er*‘”,i<w_' [y=Ai]vIEze€A)zeA]
Nyeva ico ™ [V =Ai] VIAip1 €Ai N €A]
Nyeva ico ™ [V =Ai] VIAi €Ai]
Nyevsico Cly=Ai]Vu) > u

AV AVAR |

A%

Then [[A is well-founded] < —u < 1, a contradiction. O

1.6 Boolean Ultrapowers

The results in the next few sections and Theorem|[1.57|are based on a talk held by
J. D. Hamkins at the Young Set Theory Workshop in Bonn, 2011, where he pre-
sented some of the material that will appear in [9], which at the present moment
is still in preparation.

In this section we shall investigate the relationship between the boolean-
valued model V# and the original two-valued model V. We can introduce in
V# a “name for V” (which might be thought as a new defined symbol in the
language), and an elementary map j : V — V, that in some cases will induce an

15
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isomorphism (in a sense that will be made precise later).

Definition 1.58. Let V be a new relation symbol defined by:

[rev]=\Ir=1]

xeV

Note that V is not simply the class {¥: x € V} (as e.g. contains every mix-
ing of a sequence xi,...,x, by an antichain), and that V is a boolean-valued
subclass of V#, in the sense that there are T € V# with 0 < [[T € V]] < 1.
The symbol V can be represented by its characteristic function yy : V# — 3,

xv(x)= [[x € ‘7}] .

Theorem 1.59. For every sets x1,...,x, in V and formula ¢, the following holds:

VEp(,....x0) & [0 G, x00] =1

Proof. We shall prove this fact by induction on the complexity of the formula
¢. Note that the inductive hypothesis applied to both ¢ and —¢ implies that
[[qb ‘7]] € {0, 1}, fact that will be needed later.

If ¢ is atomic, it follows directly from the definition of canonical %8-name
(by easy induction on the rank of -names and extensionality).

The verification for ¢ = = is trivial, whence if ¢ = 1 A, it follows from
the fact that:

[y1Ay2] =1 [y1] =1A[y.] =1
If ¢ is 3x(x), we have that:

VEIxyY(x) = (ExeV)VEY(x)
= (GAxeV)[y¥@®)]=1
= [(ErxeV)y'x)]=1

and the converse also holds by fullness of V#:

[GxeV)y'x)]=1 = 3Ixev” [xevAwV(x)]]zﬂ
=> Vo [¥')] =1
= ([AyeV)[v")]=1=VEIxy(x)

Corollary 1.60. IfV is defined as above, the following holds:

[[V is a transitive inner model of zrcC with all ordinals]] =1

16
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Proof. Since V E ¢ for every ¢ axiom of zrc, from Theorem we already
know that V is an inner model of zrc. Furthermore,

[[\7 is transitive]] = [[(Vx € \7) (Vyex) ye \7]]

= /\x’yevg [[xe V— (y eEx—ye \V/)}]
/\x,er“,zeV [[x =Z— (y EX—YyE ‘7)]]
/\x,yevﬁ,zev [[x =Z— (y €Z—ye ‘7)]]
/\x,yevg,zev,wez_'[[x =Zz]v [[_V =w—oye ‘7}]
/\x,yevg,zev,wez —[x=Z2]Vv [[.V =w—-we V]]
/\x,er%,zeV,wez_'[[x =Zz]v [[y =uw _>]l]] =1

vV vl

The inequalities used are derived from the converse of the substitution axiom
for boolean-valued models (axiom 4).
We still have to check that for every x in V#:

[[x is an ordinal — x € IV/}] =1

A complete proof of this fact can be found in [2, Lemma 14.23]. O

The last results suggests us that V is an inner model of V# that behaves
almost like V, so that the map j : V — V defined by j(x) = % should be an
elementary-like embedding. Since we have no definition for what an elemen-
tary embedding from a two-valued model to a boolean-valued model should
be, we shall now consider the quotient V/? instead, in Deﬁnition

Corollary 1.61. Let Vi = {7‘CU(X): [[xe V}] e U} and jy : V — Vi be the map
defined by ju =jony (e, ju(x)=Xy). Then jy is an elementary embedding.

Proof. By Theorem and

VE@(1,....x)) = [o7(,....x)]=1€U
= VPEQW(Hy,.... [Xaly)
= WEoGux1)...,julxn)

The reverse implication follows from taking ¢’ =—¢. O

The class Vy is called the boolean ultrapower of V with the ultrafilter U. We
shall later see that when the ultrafilter U is V-generic, jy is in fact an isomor-
phism (i.e., VU is a trivial ultrapower); however, in the most general case jy will
not be an isomorphism: e.g. when U is not w,-closed (see Theorem[1.57).

The name “boolean ultrapower” is justified, as we shall see in the next few
theorems, by its close relationship with the classical model ultrapower, the two
concepts being coincident when the boolean algebra 23 is an algebra of sets.
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Theorem 1.62. Let 9 be a boolean algebra, A C B a maximal antichain, U ul-
trafilter on B, Uy = {Xe P(A): \/XE U} ultrafilter on & (A). Then there exists
an elementary map k, for which the following diagram commutes:

ju

N

VA[Ua

1% Vir
j

Proof. First, notice that Uy is indeed an ultrafilter: it is trivially closed by su-
persets, since B € C = \/ B < \/C, and is also closed by intersections since
VBAN C=V\/,cp cec(bAc)thatequals to \/(BNC) for B,C C A antichain.

Let ka: VA/Us — Vi be such that ka([f] U= [Tﬁwhere 7 ; is the mixing
of the values f(a) along the antichain A, as in Lemma We first need to prove
that k4 is well-defined. Let f, g in V4 be such that [f],, = [g];,, and I € U be
such that f [;= g [;. Then, by substitution,

[7r="] Ve f(:a)= g(:a) Arr=f@] A [rg=g@)])
Voea ([ fl@)=g(a) /\a/\a)
\/aelﬂ/\a:vleU

IV IV IV

Furthermore, the diagram commutes since [[T Ju, )= )Z]] > \/([[56 =X]Aa)=
\/ A =1. We still need to check that k4 is elementary. By substitution, Theorem
and Lo$ Theorem [1.48]

VAIUsE ¢([f]y,) = {ac€A: VE$ (f(a))}eUa
= \{acA: VE¢ (fla))}ecU
= \/{aGA: [[qbv(f(va))}]:ﬂ}:peU
= [¢7@A]2Veea ([¢V (f@)] ra)2peU
= Wko([ts],)

The reverse implication follows from taking ¢’ =—¢. O

Theorem 1.63. Let B be a boolean algebra, A C B a maximal antichain, B C 3
a maximal antichain that refines A, U ultrafilter on A, Ua, Up ultrafilter on
P(A), Z(B) defined as above. Then there exists an elementary map ka p for
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which the following diagram commutes:

Jju .

14 JUy VU
e ) /kA
VAU
Jj
" VE/Up

Proof. Letkap:VA/Us— VB/Ug be defined by ka,5([f] u) = [f|B] u,» Where
(f | B)(b) = f(a) where a is the unique element of Awith a > b. We first need
to prove that k, p is well-defined. Let f, g in V4 be such that [f], = [g]y,,
and I € Uy be such that f [;= g [;. Then k4 5(f) coincides with ka p(g) on
I|B=J={beB:3acla>hb} Since \/(B\J)<\/(A\I)¢ U, we have that
\/J €U hence [f]y, = [g]u,-

The next step is to check that the diagram commutes. From Theorem [1.62
we only need to verify that k4 g o jy, = ju, and kp o ka,gp = ka. The first verifica-
tion is trivial since k4 g maps constant functions to constant functions. We now
check the second equality.

Vaea ([7rast = F@] A [ 7y = f@])
\/aeA \/be(alB) [[TkA,B(f) =(fl B)(b)]] /\d)
Vaea (\/be(aw) b A “) =\, eil@ana)=\/A=1€U

We still need to show that k4 p is elementary:

I]:TkA,B(f) = Tf]]

v v

A%

VA/UAI:qS([f]UA) < {acA: VE¢ (f(a)}=1€U,
< (I|B)eUs
& {beB: VEQ (kas(f)b))}cUs
& VB/UgE ¢ ([kas(f)]y,)

This completes the proof. O

Definition 1.64. A directed set D is a poset such that for every two elements a, b
in D, there exists an upper boundc €D, a <c, b <c.

Definition 1.65. A directed system of algebraic structures S = (X,,iq) over D,
is a collection of algebraic structures X, and homomorphisms between structures
igp: Xg— Xp fora,beD,a <b,suchthati,.=ipc0isyp foreverya,b,c €D
witha <b <c.

Definition 1.66. The direct limit lim$ of a directed system S = (Xq,ia,) is the
unique up to isomorphisms algebraic structure X such that there exist maps i, :
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Xq— X withi, =ipoigyp foralla,b € D, a < b, and for every other algebraic
structure Y with analogous maps j, : X, — Y there existsamap j : X — Y such
thatja :joia.

Theorem 1.67. Let 3B be a boolean algebra, U ultrafilter on 9. Then the boolean
ultrapower Viy is precisely the limit of the directed system (VA/Ua, ka ) with
A, B € #B antichains, where A < B if A refines B and the homomorphisms ka g
are defined as in Theorem|1.63

Proof. From Theoremwe can define maps k4 such that ky = ka0 kg, p. Let
now X be a structure with maps i : VA/Uy — X such that iy = igok, p, we want
to defineamap i : Viy — X such that i =iokjy.

Let 7 be such that [7]; € V7. Observe that A = {[t =X]: x € V}, is an an-
tichain such that \/A = [[T € V]] € U. Let f; : A — V be such that f;(a) = x,
where x, is the unique set such that [t =X,] > a for a € A, and x, = 0 other-
wise. Then,

[ka(fr)="] Vaea ([7= Fe@] A [kalfo) = fo(a)])

=
> \,yeallt=%dna)>\/ ,(ana)=\/AcU

For every [T]y € Vi, let i([t]y) = ia([f:]y) so that ix = io k4 by definition.

Furthermore, i is elementary since for every ¢([71]y,...,[Tr]y) we can pick an
antichain A such that 7, € k4[VA/U,4] for every m, and restricted to k,[VA/Uy],
i=igoky". O

Corollary 1.68. If B =2%(A) is an algebra of sets, U ultrafilter on 3, A is a max-
imal antichain of atoms that is minimal in the order defined above, then Vi is
isomorphic to VA/Ujy.

1.7 Generic Extensions

We have proved in Theorem that V-generic ultrafilters (see Definition|1.18)
cannot exist for non-trivial algebras 4. However, in some sense we can define
in the model V# a canonical name for a V-generic ultrafilter.

Theorem 1.69. LetG ={(p,p): p € B}, then [[G is a V-generic ultmﬁlter]] =1.

Proof. First, notice that [p € G] = Vyes (IP=d]1rq)=p.
We prove that |[G is an ultrafilter ]] =1. For every p < g in 3,

[peG—geG]=-[peG]v][ieC]=-pvag=-qvq=1
[peGraec—(pha)ec]=-[peGrqec]viprq=-(pra)v(prg)=1
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1 Preliminaries 1.7 Generic Extensions

[[ﬁeGV—FpeG}] = [[f)eG] Vv [[—TpeG]] =pV-p=1
Furthermore, if D is a dense subset of 8 in V,
[[HbeGmD] = \/ [[BGG]] = \/ b=1
beD beD

since every dense set contains a maximal antichain, and every maximal an-
tichain in a complete boolean algebra is a partition of 1. This completes the
verification that G is a V-generic ultrafilter. O

Notice that in VU‘%‘ we have that Gy ¢ %y and pu € Gy < p € U. Although,
Gy is globally different from Uy when U is non-principal, since:

[6-0]

[Gcu]auca]

Apes (FPV [PEU]) AN eu [P €G]
= Npeaw PAN\peu P

= /\peUp:/\U:®

Definition 1.70. Let M be a transitive model of zrc and G C M. Then M[G] is the
least transitive model of zrc containing both M and G.

If G is an M-generic ultrafilter for some boolean algebra % complete in M,
we will say that M[G] is a generic extension of M.

Theorem 1.71. For every ultrafilter U C B, Gy is Vir-generic for By and

v/ E WlGul=V/

Proof. From Lo$ Theorem and previous Theorem [1.69, we have that
[[G is a V-generic ultraﬁlter]] =1= VU% E Gy is a V;-generic ultrafilter.

We already know that VU% is a model of zrc that contains Vjy and Gy, and
from Corollary[I.60]and Lo$ Theorem|[I.48|we have that:

[[V is a transitive inner model of zrc with all ordinals]] =1=
VU% E Vs is a transitive inner model of zrc with all ordinals

We still have to check that VU% is minimum, i.e. whenever M contains V; and
Gy, M must contain all VU% . By induction on the rank of 7, we can show that
[[T =val(7, G)] =1, where the function val is defined by recursion as:

val(t,G)={val(o,G): (o,p)eTApeG}

The proof of this fact is left as an exercise for the reader.
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1 Preliminaries 1.7 Generic Extensions

Now, let M be a class definable model of zrc that contains Vf; and Gy, and
let Ty be any set in VU‘%. Then, M contains both ¥ € Vj; and G hence contains
oy =val(ty, Gy), but [[T =val(%, G)] =1= 1y =val(ty,Gy) hence ty =0y €
Mand M =V’. O

Theorem 1.72. U is V-generic if and only if jy is an isomorphism.

Proof. If Uis V-generic, let Ty € V7. Then g = I[T S \7}] =\/ ey [t =%] €U, and
D ={[r=Xx]: x € V} is a maximal antichain below g. If p € DN U, there is an
x € Vsuch that [t =X] = p € U, thus jy(x) =7y and jy is onto.

Vice versa, suppose jy is onto, and let A € 9 be a maximal antichain. By
mixing, let 7 be such that [t = d] > a for every a € A. So [[T € \7]] =\/A=1,let
x € Vbesuchthat jy(x)=7y. Then [ =1] e U= [¥=1]=x< U, U meets A
hence is V-generic. O

If U is not V-generic, jy will not be an isomorphism. We shall show that
there is close relationship between the size of dense sets missed by U and the
size of the initial segment of V preserved by j.

Definition 1.73. Let j be an elementary embedding, the critical point of j is:
cp(j)=min{x € ON: j(x)# j[x]}
Theorem 1.74. IfU is not V-generic,
cp(ju)=min{|A|: A maximal antichain NANU =0}

Proof. Suppose A = {a,: a <x} maximal antichain with ANU =0, § =
(&, ay) : a <k} so that [[[J’ =d] = a,. Then [[/J’ efc}] =\ ek [[/J’ =d]] =\/A=
1, while [[ﬁ = d]] =agq ¢ U for all a. Thus ﬁU € ju(x)\ julx] hence jy(x) # julx].

Conversely, suppose that Sy € juy(x)\ julk], and let A = { [[[5 = d] ra< K}.
This is an antichain of size x such that \/A € U, and AN U = 0 otherwise ﬁU
would be in jy[x]. Hence A’ = AU {—| (\/A)} is a maximal antichain of size x
with A’NU =0. O

Proposition 1.75. U is x-complete if and only if UN A # 0 for every A maximal
antichain with |A| < k.

Proof. First, suppose by contradiction that U is xk-complete but there exists an
A with |A] < x and UNA =0. Then {~a:a€A} C U hence 0 =-1=-\/A=
/\{—a: a <A} €U, acontradiction.

Conversely, suppose by contradiction that U meets every maximal antichain
of size less than x and is A-complete but not A™-complete for some A < k. Let
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1 Preliminaries 1.8 Forcing Relation and Posets

B={x;:i<A}cUwith A\B=b¢U. Theny; =-bA/\
chain in U with infimum 0. Let < yiii< >, A < A be a strictly decreasing sub-
sequence of (y;:i<A). Then z; = y; A—y/,, is an antichain disjoint from U,
with

j<iXj is a decreasing

Vievzi = \/i<)t\/j<iy]{/\ﬁyj/+1
= Vi Yoy
= yO’/\—|/\i<A,yl.’:—|b/\—|(D:—|beU
Hence A={z;: i <A’}U{b} is a maximal antichain of size A’ <x with ANU =40,
a contradiction. O

1.8 Forcing Relation and Posets

In the last sections we have examined generic extensions for a model V of zrc
and 2 a boolean algebra. In this section we will briefly analyse the construction
of a generic extension of a model M for an arbitrary poset P, as in the classical
approach to forcing. Our reference text for the results in this section is [I} VII].
If P is not a boolean algebra, it is not yet possible to define the truth value
[¢ ] p- Although, the truth value of ¢ can be analysed via the forcing relation.

Definition 1.76. Given M a transitive model of zec, P € M a poset and p € P, we
say that p forces ¢(11,...,7,) with respect to M, in formulas:

pIH @(T1,...,Tn)

iff for every M -generic filter G C P withp € G, M[G]F ¢([T1lg,---, [Trlc)-

The reference to the model M or the poset PP in the symbol I can be omitted
when clear from the context.

Theorem 1.77 (Cohen). Let M be a model of zrc, 3 € M a boolean algebra,
P=3\0. ThenpF) ¢(11,...,7,) ifand only if ME p < [p(71,...,Ta)].

Proof. From Theorems and ‘ we have that Mg3 = M¢[Gg] = MI[G].

Then from Lo$ Theorem we know that M[G] E ¢([t1]lg,-...,[Tnl¢) if and
onlyif [¢(71,...,7n)] €G. So,if p < [¢(71,...,7Tn)],

peG = [¢(r1,....,Tn)] €G
= MI[GIF¢([Tilg,-.-,[Tnlc)

hence p IFp ¢(71,...,Tn)-

Otherwise, if p £ [¢(71,...,7r)], we can find a generic filter G that contains
pA-[¢(t1,...,70)] #0, so that p € G but [¢(71,...,7,)] ¢ G. Then M[G] ¥
¢([t1lG,.--»[Tulg) and pWp @(71,...,T4). O
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1 Preliminaries 1.8 Forcing Relation and Posets

Although Definition[I.76|makes sense only in V when M-generic filters exist,
the forcing relation can always be defined inside of M: i.e., for every formula ¢
there is a formula ¢’ such that p IF ¢(71,...,7,) & ME ¢'(p,T1,...,7T»), and
the map ¢ — ¢’ is recursive. The forcing relation can be used to define the
quotient M g and prove an analogous form of the theorems in the last sections:
complete proofs for this facts can be found in [I} VII], but are not needed in the
following exposition and will not be reported here. Furthermore, every generic
extension with a poset P is equivalent to one with a complete boolean algebra.

Definition 1.78. LetP, Q be posets and i : P — Q. i is a dense embedding iff
1. Yp1,p2€P (p1 < p2—i(p1) < i(p2))
2. Yp1,p2€P (p1 L p2—i(p1) Li(p2))
3. i[P] is densein Q.

Proposition 1.79. Every poset P can be embedded densely in a complete boolean
algebra 3, the completion of P.

Proof. Let A,, p € P be a basis for the order topology, i.e. A, ={geP: qg<p}.
Let 8 =RO(P), i(p) =int cl(Ap). It can now be verified that 23 is indeed a com-
plete boolean algebra, and i is a dense embedding (see [1, I, Lemma 3.3]). O

Theorem 1.80. Supposei, P, andQ arein M, i:P— Q, and i is a dense embed-
ding. If G is M -generic for P, and H is the filter generated by i[G] (or conversely,
H is M -generic for Q and G = i~'[H]), then M[G] = M[H].

Proof. A complete proof for this statement can be found in [I, VII, Theorem
7.11]. O

Corollary 1.81. Every generic extension with a poset P is equivalent to the generic
extension with % the completion of P.

Thus, generic extensions with posets P is not a new tool for consistency
proofs. It is however more convenient in some practical cases to define a poset
P that produces the desired generic extension rather than defining a boolean
algebra 23: but this will not be the case in the remainder of this paper.
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CHAPTER 2

CHARACTERIZATION OF
SET-GENERIC EXTENSIONS

Set-generic extensions have been characterized for the first time by the work
of L. Bukovsky [7]. The current presentation will follow a recent work of S. D.
Friedman [10].

We will start with an introduction with some useful tools (Section[2.1), then
present Laver’s Theorem [8] (Section and Bukovsky’s Theorem (Section.
Afterwards, we shall see a recent generalization of Bukovsky’s Theorem by Fried-
man (Section[2.4), and finally use this results to prove that being a ground model
is a first-order definable property (Section[2.5).

Throughout this chapter M and V will be models of zrc, with M c V and
ONY =0ON".

2.1 Basic Properties

In this chapter we will use extensively some properties of forcing extensions; the
basic results that we will need have been collected here.

Definition 2.1. Let M be a transitive class in V. A set A is x-approximated in M
ifand only if A C M and for any B € M of size < k, the intersection AN B is in M,

VBeM: |BIM <k —ANBeM

Definition 2.2. M k-approximates V if and only if M contains every set A that is

25



2 Characterization of Set-Generic Extensions 2.1 Basic Properties

K -approximated in M,
VAeV(VBeM:|BM <k —>ANBeM)—AeM

Definition 2.3. M x-decomposes V if and only if any subset of M in V is the
union of at most k many subsets in M,

VAeV(AcM)—3IBcM(B|" <xnA=[B)

Definition 2.4. M k-covers V if and only if any subset of M in V of size < k is
covered by such a setin M,

VAeV(Ac MAJAlY <k)—3IBeM (Ac BA|BM <)

Definition 2.5. M globally x-covers V ifand only if forany f : ¢« — M in V there
isag:a— M inM such that f(i)e g(i) and Vi : |g(i){M <K,

Yae€ONVYfeV [fc(axM)A fisafunction | —
dgeM [gc(axM)/\gisafunction /\Vi<a(f(i)€g(i)/\|g(i){ <K)]

The last definition is a slight strengthening of the previous one.
Proposition 2.6. If M globally x -covers V then M k-covers V.

Proof. Let AC M be of size <k, and let f:a— Ac M, a=|A|", be a bijection in
V. By global k-covering let g : « — M be such that f(i) € g(i).

By substitution C = Uran(g) isin M and A c C since for all i, f(i) € g(i).
Furthermore a < ¥ and for all i, |g(i)|M <k,s50|CM <k-k=xasrequired. [

Except for x-covering, all these properties hold monotonically in .

Proposition 2.7. If M k-approximates (risp. k -decomposes, globally k -covers) V
and . >k, then M A-approximates (risp. A-decomposes, globally A-covers) V.

Proof. Follows trivially from the definitions. Remark that a set A-approximated
in M is also k-approximated in M. O

All this four properties hold for set-generic extensions, for some x depend-
ing on the poset P used.

Proposition 2.8. Let V be a P-generic extension of M. If|PM < «, then M «-ap-
proximates V.

Proof. Suppose towards a contradiction that A€ V\ M, A C M, and every x-ap-
proximation of A is in M. Let A any P-name for A. Since A ¢ M, for all p € P we
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2 Characterization of Set-Generic Extensions 2.1 Basic Properties

may choose (by definability of I) a set x,, € M such that p does not decide the
membership of x,, in 4, let B = {xp EM:p GIP’}. Since |B|™ < x and B € M by
choice and definability of I, we must have AN B = C € M. Let g € P be such
that g I An B = C. For construction g does not decide whether xq €A, butsince
AnB=Candx;€B x,e A x5 € C so g must not decide whether xq € C.
But 1 decides whether x; € C, a contradiction. O

Proposition 2.9. Let V be a P-generic extension of M. If|[P|M <, then M k-de-
composes V.

Proof. Let V = M|[G], where G is P-generic over M. GivenAe V,AcC M, fixa
P-name A and for each p € G let A, = {xeM: pII—ieA'}, B= {Ap : peG}.
Then A =|J B is the desired x-decomposition. O

Proposition 2.10. Let V be aP-generic extension of M. IfP is k -cc, then M glob-
ally k-covers V, hence k -covers V (by Proposition|2.6).

Proof. Given f :a — M in V as in the definition of global k-covering, let f be
any P-name for f, and

Q={p €P: plF fisafunction /\domf=d/\ranfCM}
From f and Q define g: o — M as:
g:{(i,x)eaxM: yex—3p,€Q py Il—f(f)Zy}
By definability in M of I we have g € M, and f(i) € g(i) since there exists a

plF f(i)=d with a = f(i).
Finally, for every element x € g(i) choose a condition p, I+ f(i) = %,

and define Q; = {p.:xeg(i)}. The set Q; must be an antichain, since
(g < px)A(g < py) implies g IF (f() = ) A(f({) = 7) hence x = y and py = p,.
But P is x-cc so IQ,-IM:{g(i){M<K. O

Later in this chapter we will need to write down fist-order sentences, where
class quantification is not allowed. Then it will be useful to lift the properties
above from classes to subsets that satisfy a sufficiently large fragment of zrc.

Proposition 2.11. If M «x-approximates (risp. k-decomposes, k-covers, glob-
ally x-covers) V, and A > « is regular in V, then HA)M x-approximates (risp.
Kk -decomposes, k -covers, globally k -covers) H(A)V .

Proof. For k-approximation, given A € H(A)V with A ¢ H(A)M, Ac HA)M im-
plies that for any B’ € M with |B’'|/M < x, AnB’=An B’ nHMM = An C with
C = B’ nH(A)M. We have then |C/M < |B'M <k < A, C € M, so Cc HA)M
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2 Characterization of Set-Generic Extensions 2.2 Laver’s Theorem

implies that C € H(A)M, and by k-approximation in M it must be A € M. But
AV < A= 1AM <A, Ae Mso Ac HOM = Ae HAM.

For x-decomposition, given A € H(A)" with A ¢ H(A)M, let A = | JB,
|B]Y <. Since everyx € Bisx CACc HAM, x e M, x|V <AV < A= |x]M < 2,
we have x € H(A)M hence B € H(A)M; also, | B|V <k <A hence Be H(A)".

For k-covering, given A € H(A)V with A ¢ H(A)M, |A| <k, let AC B € M by
x-covering in M. If C = BN H(A)M, we have |C|™ < |BM <x <A and C € M so
CCHMM = CeHAM,

For global k-covering, given f € H(A)V, f : a — H(A)M, define g € M,
g : @ — M by globally k-covering in M, and let g’ be such that

g =gn(ax HAM)

Then g’ covers f, g’ € H(A)M, and a < A hence |g/|M <A=>g’'€e HAM, O
The converse also holds, as we will see below.

Proposition 2.12. If there exists A such that for all regular A > Ay, HA)M x-ap-
proximates (risp. x-decomposes, K -covers, globally k -covers) H(A)V, then M k-
approximates (risp. x -decomposes, k -covers, globally k -covers) V.

Proof. For every property, the verification for a set A is trivially achieved by let-
ting A be such that A € H(A)". O

2.2 Laver’s Theorem

In this section we will prove that if V is a set-generic extension of M, then M is
definable in V with parameters in M (Laver’s Theorem[2.16).

This will be achieved by first showing a well-known basic result (Theorem
, then we’ll make use of a simultaneous covering property to obtain (The-
orem that inner models satisfying the x-covering and x-approximation
properties are unique fixed the set H(x+)M.

Theorem 2.13 (zrc—p). If M, N are inner models of V that share the same sets of
ordinals, then M = N.

Proof. Let A< M, we will show that also A € N. Let B =trcl({A}) and x be such
that | B <, and f € M be any 1-1 map f : B — k. Define a relation R on « by:

aRf < a,f eran(f)Af (@) f71(B)

With the bijection 0 : k xx — x (0 € MNN since itis Ag-definable), we obtain that
6[R] € MNN sinceis aset of ordinals, then 6 "1[6[R]] = R € M N N. The transitive
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2 Characterization of Set-Generic Extensions 2.2 Laver’s Theorem

collapse of a well-founded relation R on k, Iy : ¥ — H(x) is A;-definable then
Il e MN N, hencelIg(f(A))=AeMnNN. O

Lemma2.14 (zec—P). If M, N are inner models of V that k -cover and x -approx-
imate V, then for every A € V subset of size <k ofa C € M NN of arbitrary size is
covered by a set Be M NN with|B| <k.

Proof. GivenAeV,AcCeMnNN, |A|V < k, define a k-chain A=A C A; C...
of sets such that |A;| < k, A; C C, Azj4+1 € M, Azj+» € N. This is possible by
k-covering for M, N taking each time the intersection with C. Let B = Ul.A,-,
| B| < k. Any x-approximation of B with a set in M (risp. N) must lie in M (resp.
N), because for any |D| < x the sequence A; N D must equal BN D from some
index on (by regularity). So by k-approximation B€ M, B€ N. O

Theorem 2.15 (zrc — P). If M, N are inner models of V which x-cover and
k -approximate V such that Hix ™) = H(k+)N, then M = N.

Proof. We show that any A € M is also in N, the converse is specular. By Theo-
rem[2.13] we let A be a set of ordinals without loss of generality.

First, let A € M be a set of < k ordinals. By Lemma(2.14} let B O A be of size
<k, BCON. LetIlp : trcl B — « be the transitive collapse of B, [Iz € M NN
since B€ M NN and IIg is A;-definable. N, M have the same subsets of «, so
C =TI[A] mustbe in MNN, and IT;'[C]=Athen A€ MNN.

Now let A € M be a set of ordinals of arbitrary size. By the result above every
B € M of size < x is such that BNONe M NN, sofromANBe M and [ANB| <k
follows that AN B€ M NN. Thus, by x-approximation A € N. O

From the uniqueness Theorem [2.15} we can now obtain the following.

Theorem 2.16 (Laver). IfV is a set-generic extension of M, then M is a definable
inner model of V with parameters in M.

Proof. By Proposition and M k-approximates and x-covers V for k
greater than |P|™, so by Theorem M is the unique such model given
K = H(x*)M. Let us put down this intuition into a first-order statement.

Notice that:

xeM & dA: Aisaregular cardinal A x € HAWM

Then it suffices to give a definition of H(A) for A regular. The sets H(A)M and
H(A)Y are both models of zrc—p, and by PropositionH (MM k-approximates
and k-covers H(A)". By Theorem H(A)M is then definable as the unique set
that x-covers and k-approximates H(1)V given K = H(k+)M,
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Then x € HAM < ¢/(x, K, k, 1), where ¢’/(x,y,k,A) is
[EIA : X €A A Ax-cover and k-approximate H(A)" A H(x")A :y]
Thus M is definable from x, K as x € M < ¢(x, K, x) where:

¢(x,y,2)=[3IA: Aisaregular cardinal A ¢'(x,y,2,7)] O

2.3 Bukovsky’s Theorem

In this section we will characterize k-cc generic extensions as extensions with
the global x-cover property. The left-to-right implication is in fact Proposition
the right-to-left one is Bukovsky’s Theorem[2.31]

This will be achieved by first showing that for any A, M[A] is a k-cc forcing
extension, and then showing that V itself is of the form M[A] for some carefully
chosen A.

Since we are willing to define a forcing extension M[A], we need a poset in
M in which A could be a generic filter. Let <eK, 93,?> = Fr.(1) € M be a free
k-complete boolean algebra generated by A in M. Remark that for every ¥’ > «,
we can embed 98} as a subalgebra of 983, by taking the x-complete morphism f
such that foe, = e, (since B f, is k’-complete hence x-complete). From now on,
we will then suppose without loss of generality that 8} C %?, for every x < x’.

The boolean algebra % can be identified with the boolean algebra of
propositional logic formulas built from the atomic formulas “a € x”, a <A,
where x represents an unknown subset A C A, using negation, conjunction and
disjunction for sets of size < k.

Theorem 2.17. There is a bijection between subsets of A and k -complete ultrafil-
ters in B}-.

Proof. Leth: Ultk(%ﬁ) — 2(A) be defined by h(U) = e '[U]. We show that & is
a bijection.

For every subset A C A let f4 : A — 2 be such that (f4(i) = 1) « (i € A).
Since 98} is free over A, f, can be extended uniquely to a k-complete morphism
ga: Bl —2,810ex=fs. Then Uy = g;l [1] is a k-complete ultrafilter, and

h(Up)=e, [Usl=¢e; o gy [1]=f'[1]=A
Furthermore, any x-complete ultrafilter U} such that e_![U}] = A induces a

x-complete morphism g/, : B} — 2, g/(b) =1 & b € U}, with g/ o ex = fa.
Then g/, = ga (by uniqueness of g4) hence U, = Ua. O

30
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Definition 2.18. Given AC A in 'V, let Uy € V be the ultrafilter corresponding to
A in the boolean algebra ;.

In the propositional logic identification, the ultrafilter U} is the set of formu-
las true for x = A. Notice that if A¢ M also U} ¢ M.

The set #} seems to have the expressive power needed to interpret M[A] as
a generic extension for any A C A. In fact, this is not the case since for example
it is not x-cc, fact that will be crucial later in the proof of Theorem|2.31

To obtain a poset that meets all this requirements we will take an appropriate
ideal I, of 98} and define P4 = 8}/1, — {0}, by means of the global k-covering

property.
Definition 2.19. Let fy : 2(B)M — B} in V be such that:
Voe2(B)M: (enU #0) - (fa@) e [Uyna])

Such an f4 must exist: for example, we can take the composition of f/ such
that f/(®) = ®nN U} with any choice function (U} ) — U}. Since f4 € V, we can
use the global k-covering property to define:

Definition 2.20. Let g/, : 2 (B )M — 2(BIM in M such that:
Voe2(B)M: |gh(@)| <k A fa@)eg)(®)

Let ga(®) = gl’q(CD) N®. We now define the theory T, of the formulas used in
the definition of ga: since g4 € M , also T will be in M.

+ .
Definition 2.21. Let T, C 9/33, with 0 = (2|"35|) = (21<‘)+, in M such that:

n={(\Ve-\/ g.@): acm!}

The set Ty is included in ng if \/<I> IS Ug, then ® N Ug =onU) #0 (by
6-completeness of UY), so fa(®) € U and \/ ga(®) € US. Thus /\ Ty #0.

Definition 2.22. Let I, C B} in M be such that:
n={pem}: N\Tuiph=0in 3}}

The set 14 is disjoint from U}, otherwise if ¢ € I4 N U}, the 6-complete ul-
trafilter Uf‘) would contain 0 = A\(TyU{¢}), since Th c U X .

Lemma 2.23. 14 is an ideal in 3B}
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Proof. Given ¢, in In, N(TaU{p vy} )= \N(Tau{p HV A\(Tau{y})=0v0=0,
hence (¢ Vi) € I5. Given p € B!, N(TaU{p ApH = A\(Tau{pHNAp =0Ap =0,
hence (¢ A p) € I4. This completes the proof. O

Definition 2.24. Let Py = 8}/1,— {0}.

In the propositional logic identification, the poset P4 is the set of Tx-
consistent formulas in 98} modulo T-provability.

Lemma 2.25. P, isk-cc.

Proof. Let Q be a maximal antichain in P4, and ® C %,? a set of representatives
of Q, so that Q = {[¢]y, : ¢ € D}. By definition of g4, ga(®) € ® and |gA(<I>)| <K:
we will show that g4(®) = ® which implies |®| < k hence |Q| < k. It suffices to
show that any ¢ € @ is I,-compatible with some ¢’ € ga(®) C ®, since ® being
an antichain impliesthat p A@’ € Ia = [P AP, ZO=> [P, =@ l1, > P =¢’.

Every ¢ € ® is not in I4, hence there is a lower bound p > 0 for Ty U {¢}.
Since p is nonzero, it must be contained in a @-complete ultrafilter U c 4,
and p € UY implies that Ty c U and ¢ € U9.

Since Ty C U} includes (\/®—\/ ga(®)), and U} contains p < ¢ <\/®, we
must have \/ ga(®) € Ug. Then by 0-completeness some ¢’ € ga(®) must be
in Ug, SOPANP' >pAp'=p’e Ug and p’ > 0. Then p’ is a lower bound for
TpUu{p A¢’} hence ¢ A’ ¢ I, and [¢];, is compatible with [¢/]},. O

Lemma 2.26. G4 =U) /I, isIP4-generic over M.

Proof. Let ® be a set of representatives of a maximal antichain Q C P4. Since P4
is x-cc, |®| < k then let \/<I> =y e 93,{1 by x-completeness. Then [¢];, =[1]1,,
otherwise {[-]7,} UQ would be an antichain extending Q, contradicting maxi-
mality of Q.

Then \/ ® =1 €[1];, c U} since U} is disjoint from I4, and some ¢ € ® must
be in U}. Hence [¢];, € GANQ and G4 is P4-generic over M. O

We can now prove the following main lemma of the Bukovsky’s Theorem.

Theorem 2.27. If M globally x-covers V, and A € V is a subset of A, then M[A] is
a kK -cc generic extension.

Proof. Define P4 and G4 as before. M[G,4] is a k-cc generic extension by Lemma
so it is enough to show that M[A] = M[G,].

First we have A € M[G,], since the set A isnamed by 7 = {(&,[a],) : a <A},
thus M[A] C M[G4].

Furthermore, G4 is constructible from A, P4 hence M[A] 2 M[G4], then
MI[A] = M[G4] as required. O
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The last result can be extended to any A subset of M, as the following shows.

Lemma 2.28. Any extension M[A] with A C M, is equivalent to a M[B] = M[A]
where B is a set of ordinals.

Proof. Since A€ V, also a = U frank(x)+1: x €A} is a ordinal in V (hence in
M),and Ac C=V,NM=M,€EM.

Now, let ¢ € M be a bijection ¢ : C — A = |C|, and fix B = ¢[A] in M[A].
Since ¢ is in M, the class M[A] must contain B as well as M[B] must contain A,
so M[A] = M[B] with B set of ordinals. O

Lemma 2.29. If M globally x -covers V, A C M, then M[A] globally x-covers V.

Proof. Given f : @ — M[A], f € V, by Theorem [2.27] and [2.28) M[A] is a k-cc
generic extension, then for all x € M[A] let 7, € MF be such that x = vals(7y).
Let f/:a— M in V be such that f(i)=7 ).

By global k-covering in M, let g’ : @ — M that covers f’, and g” : a — 2 (MF)
be the intersection of g’ with @ x 2 (MP) by constructibility of MP.

f is then covered by g : @ — M[A] in M[A], defined by g(i)=vala[g”(i)],
hence M[A] globally x-covers V. O

Theorem 2.30. Any nontrivial x -cc generic extension adds a subset of k.

Proof. By Lemma a k-cc algebra & is not x*-distributive. So let D;, i < x
be dense sets such that (") D; =0, and define recursively two sequences A;, D:

L D(/):D(),

o A;= {p,-j eP:j<h;< K} maximal antichain in D,

o D;H:{peDiH: 3j<6; p<p,-j},densebelowAl~,
e D/, =(;.,Dj for alimit.

. /
The construction stops for some 6 < k, when ﬂi <o D;=0.

Let f = {<<i,;9ij>,p,-j> i<0,j< Hi}, f=1flc. f can not be in M, otherwise
ran(f) would be a chain in %, and /\ ran(f) would be in every D/, « < 6, hence
in Dé =0. Then f is a new subset of k X k, so given 0 : (x X k) = k, 0[f] is a new
subset of k. O

Theorem 2.31 (Bukovsky). If M C V are models of zrc, where M globally x -covers
V, then V is a k -cc generic extension of M.
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Proof. Let A=2V(k). Since M[A] is transitive, it contains all subsets of k in V.

By Lemma[2.27]and[2.28} every extension M[B] with B C M is a k-cc generic
extension. Then M[A] is k-cc generic and, by Lemma [2.29] globally x-cover V.
By Theorem [2.27]in M[A] every extension M[A, B] is also k-cc generic, then by
Theoremmust be trivial since it does not add any subset of x (all such sets
in V are already in M[A]).

Then every BC M, B eV, is also in M[A], hence M[A] and V are models of
zrc sharing the same sets of ordinals, hence by Theorem[2.13| V = M[A]. O

2.4 Forcing Extensions by Size

The results in the previous section characterize x-cc forcing extensions as ex-
tensions with the global k-covering property. A reasonable question is whether
it should be possible to characterize forcing extensions also by size. The answer
is affirmative, and we will show in this section that size at most x forcing exten-
sions match with model extensions with both the x-decomposition and global
kT-covering property.

The left-to-right implication is in fact Proposition[2.9]and[2.10| (together with
the trivial fact that size at most x implies x*-cc), the right-to-left one will be
shown at the end of this section (Theorem[2.34).

Since we have required the globally x*-cover property, we can use Bukov-
sky’s Theorem|2.31]to take a k*-cc poset P € M and a P-generic filter G such that
V = M|[G]. Without loss of generality, we can assume that P is indeed P = 23\ {0}
with 8 a complete k*-cc boolean algebra (the completion of P). However, P
may not have the required limitation of size, so we need to find a smaller poset
to force with. The easier way is to take any dense set D C P, D € M of the required
size, since forcing with the sub-order induced on D is equivalent to forcing with
the whole P.

Lemma 2.32. If D € M, D C P is dense in P, and G is a P-generic filter, then
M[G]=MI[GND].

Proof. Let us show that G N D is indeed a D-generic filter, by first proving that
GNnDisdenseinG. Solet ge G, and D' ={peP: pLlglu{peD: p<g}
The set D’ is dense in M, since if p is compatible with g they have a common
extension g and, by densityof D,3r g>re Dsor < ghencer €D/, r <p. Then
dseGnD’,and s € G=s|| g hence s € D’ = s < g, that completes the proof of
density of GN D in G.

Moreover, G N D is a filter in D, as closure by < is obviously inherited from
G, and given any p,q € G N D they must have a common extension g € G, and
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by density of G N D, a common extension g > r € GN D. The set GN D is also
D-generic, since any D’ dense in D is also dense in P hence intersects G (and
GND since D’ C D).

Finally, M[G N D] ¢ MIG] since G,D € M[G] = GND e M[G]. Vice versa,
GND,Pe M[GND]implies that G={geP: 3geGND qg<g}isin M[GN D]
hence M[G] € M[G N D] (the last equality holds since GN D is dense in G, and G
is closed by <). O

The dense set D will be defined by taking the infimum of every element of a
decomposition of G; so we will first need to prove that this infimum exists in P.

Lemma 2.33. IfG is % -generic over M and A C G isin M, then \ A> 0.

Proof. Suppose instead that /\ A=0, and define
D={peRB: g€ A prqg=0}

D is dense in 2 \ {0}: given r € %\ {0}, /\A = 0 then 3b € A with r £ b, and
g =(r A—b)is an extension of r in D (since g Ab =0), and g # 0 since (r A—b) =0
would imply r < b.

Since D is dense, D€ M, GND #0 then let p € GN D. Since p € D, there is
abeAwithpAb=0,butbeAcG so G contains two elements b, p that are
incompatible hence it is not a filter, a contradiction. O

We can now define a dense set D of size at most x, and then prove the fol-
lowing Theorem (Friedman, [10]).

Theorem 2.34. If M C V are models of Zzec, where M k -decomposes and globally
kt-covers V, then V is a size at most k generic extension over M.

Proof. As mentioned above, by Theorem V is a generic extension with a
kt-cc boolean algebra %, P= 2 \ {0}. Let us define a dense set D C PP of size at
most K.

Since M k-decomposes V, for every G generic exists a k-decomposition
G=J;., g(i), then

M[G] E3x[x Cc(k x M)A x is afunction AG = Ux(i)]

i<k

By definition ofIF,

1IF3x[x c (& x M) Ax is a function AG = Ux(i)]

i<k
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Then, by fullness lemma, it exists a name g such that

1l [g'c(fcxM)/\g’isafunction AG = Ug(i)]

<K
For every i <, 11F g(i) € M, so the set
D; ={p: dAeM pll—g(i)zfi}

of conditions that decide membership in g(i) is dense. Let X; = { pij:Jj< )Li}
be a maximal antichain in D;, and let A;; € M such that p;; IF g(i) = AV,-]-. Since P
iskT-cc, A; <k.

Now, for every i < k,j < A; <k, pij IF g(i) = Avij = pij Ik AV,-]- c G; so by
Lemmathere must be a condition g;; > 0 such that p;; I /\ A;; = gi;, hence
/\Aij ={ij. Let D= {q,-j 1 ,j< K}, |D|=k-x =K.

Let us show that D is dense: given any r € P, r I+ ¥ € G = | J,_, §(i). So
r Ik 3i 7 € g(i) and by the fullness lemma there must be a s < r, a < x such that
sIFF € g(a). Since X, is a maximal antichain, there is a # < k such that pgg || s,
SO (SApap)lFF eA;ﬁ =>T1€E€Agp andsor>qup €D and D is dense.

Since D is dense, D € M and |D| < k, by Lemma V=M[G]=M[GND]
is a size at most k generic extension over M. O

2.5 The Ground Axiom

In the last two sections we have characterized forcing extensions of various kind
with properties of the models, verifiable without need of the poset P or the
generic G. This results, combined with Laver’s Theorem and the basic results
at the beginning of the chapter, can be used to obtain a first-order expression of
“being some kind of a forcing extension of some model M”.

A remarkable case of this approach is the Ground Axiom.

Ground Axiom. The set-theoretic universe V is not a forcing extension of any in-
ner model M.

The Ground Axiom seems to be second-order hence not a valid axiom for
canonical set theory: we then need to write down a first-order equivalent of
it. Before discussing the first-order transposition of the Ground Axiom, we will
transpose the properties studied in Sections[2.3|and[2.4]

Theorem 2.35. There is a first-order sentence ¢1(x) that holds in V if and only if
V is a x-cc generic extension of some inner model M.
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Proof. By Theorem [2.31} we already know that V is a x-cc generic extension of
some inner model M ifand only if )(x) =3dM : M |=zrc AM globally k-covers V.
The sentence 1)(x) is still second-order, so we need some further manipulation.
First, it is obvious that 1(x) is equivalent to i)’(x):

IAIKIM : M = zrc AH(ATHM = K A M globally x-covers and A-approximates V

y’(x) is also second-order, and is equivalent to y(x) since we can choose for M
the same M as in v, for A, K any A > [P|", K = H(A*)M. The advantage of 1/’(k)
is that it is closer to the first-order sentence ¢;(x):

JA3IK Vy>Aregular AIW: W Ezrc—p A HAT)W =K
A W globally k-covers H(y)"
A W A-approximates H(y)V

First, we have that ¢’(x) = ¢1(x), since for any y > A regular we can take
for W the structure H(y)M with M satisfying ¢’(x). This way, W |= zrc — P
and H(AT)"W = K hold trivially, while covering and approximation hold by
Proposition|2.11

We now prove that ¢;(x) = y’(x). By the uniqueness Theorem (and
the fact that globally x-cover imply A-cover by Proposition 2.7jand [2.6), given y
the model W is unique; let us call it W,. Then H(6)" = Wj, for 6 < 7, since by
Proposition [2.11]both the two sets meet the hypotheses of Theorem [2.15|for A,
H(6)V.

Let M = J W, since the sequence W, is coherent. M = zrc follows by mov-
ing to a large enough H(y)M, H(A*)M = H(AT)" = K holds trivially, covering
and approximation holds by Proposition thus M witnesses the truth of
Y'(x). O

Theorem 2.36. There is a first-order sentence ¢»(x) that holds in V if and only if
V is a size at most x generic extension of some inner model M.

Proof. The procedure follows exactly the one of the previous proof. By Theorem
2.34} we already know that V is a size at most k generic extension of some inner
model M if and only if

Y(x)=3M: M = zrc A M globally k" -covers and k-decomposes V
Y(x) is trivially equivalent to y’(x):

JAIKIM: M |=zrc A HATY)M =K A M globally x*-covers V
A M k-decomposes and A-approximates V
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The first-order equivalent ¢ (x) will then be:

dAIK Vy>Aregular AIW: Wzrc—p A HAT)W =K
A W globally k*-covers H(y)V
A W k-decomposes H(y)V
A W A-approximates H(y)Y

First, Y’(k) = ¢2(k), since by Proposition[2.11|we can take W = H(y)M.

We now prove that ¢(x) = ’(x). By the uniqueness Theorem and
Proposition given y the model W must be unique and the sequence W, is
coherent; then let M = | JW,. M witnesses the truth of ¢’(x) by moving each
step to a large enough H(y)™, and using Proposition[2.12} O

Given ¢,(x) or ¢»(x), we can now write down a first-order equivalent for the
Ground Axiom.

Corollary 2.37. There is a first-order sentence ¢3 that holds in V if and only if V
is a not a generic extension of any inner model M.

Proof. Such sentences are:
¢3 = (—3x « regular cardinal A ¢;(x))

withi=1,2. O
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CHAPTER 3

APPROXIMATED EXTENSIONS

Throughout this chapter we will try to define, given M C V transitive models of
zrc with ON™ = ONY such that M x-covers V, another model N of zrc such that
M c N c V that will be the “closure” of M by x-approximation (i.e., such that
N x-approximate V). To verify that a class N is a model of zrc we will use the
Theorem[3.3|below [2, Theorem 13.9].

Definition 3.1. G; is a Gddel operation if

Gi(X,Y) = {X, ¥}
GyX,Y) = XxY
G3(X,Y) = e X, V)={(x,y)eXxY:xey}
GuX,Y) = X\Y
Gs(X,Y) = XNY

Gex) = Ux

G;(X) = dom(X)

Gs(X) = {(x,y): (y,x)eX}
Go(X) = {{x,y,2): (x,2,y)eX}
GX) = {{(x,y,2): (y,2,x)eX}

A class N is closed under Godel operations if G;(X, Y) € N whenever X,Y € N.

Definition 3.2. A class N is almost universal in V iff for every subset AC N in V
thereis a C € N superset of A.

Theorem 3.3. A transitive class N is an inner model of zr if and only if it is almost
universal and closed under Gédel operations.
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Proof. Since Godel operations are absolute for transitive models, an inner
model is necessarily closed under Godel operations. If X is a subset of an in-
ner model N, then X ¢ ;NN = N, for some a. Thus the condition is necessary.

Now let N be a transitive almost universal class that is closed under Godel
operations, and examine the axioms of zF.

extensionality, foundation, infinity. N is transitive therefore extensional, in-
finity holds since w is absolute for transitive models, foundation holds in
any class.

pairing, union. Follow from the fact N is closed under G;, Gs.
replacement, power set. Follow from almost universality of V.

comprehension. The axiom of comprehension requires that for every X € N,
theset Y ={ueX: ¢N(u)}isin N.If ¢ isa A, formula, Y can be obtained
from X by a careful application of Géedel operations: the verification is
lengthy but easy (can be found in [2, Theorem 13.4]).

Otherwise, if ¢phas k quantifiers, let ¢'(u;,...,u,, ¥1,..., ;) be the Aq for-
mula obtained by replacing each 3x (or Vx) in ¢ by 3x € ¥; (or Vx € 1))
for i =1..k. We shall prove, by induction on k, that for every ¢ (u1,..., u,)
with k quantifiers, for every X € N there exists Y3,..., ¥; € N such that:

Vuy,..oun€X: ¢Nui,...,un) ¢’ (U, ..., un, Yi,..., %)

then the existence of Y € N will follow from Ay-comprehension.

If k =0 then ¢ = ¢’. For the induction step, let ¢ () be Jv y(u, v) where
Y has k quantifiers. Thus ¢’ is v € Yi41 Y/'(u,v, Y, ..., ¥i). By collection
in V, there exists a set A € V such that:

weNyYNu,v)=2IvecAveNAyYyN(u,v) = Fve(AnN) YN (u,v)

Since N is almost universal, take Y11 € N such that (ANN)UX C Yiy1.
The above equivalence then will hold also with Yi4; in place of AN N. By
the induction hypothesis, given Yi4+1 € N, there exists Yj,..., ¥z € N such
that for all u, v € Yj41:

YNu, vy (u,nn,..., %)
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Since X C Y41, we have for all u € X:

¢oNu) < 3FveNyYNu,v)
< e Vi YNu,v)
= veYipy(u,vn,..., %)
= ¢'(u,n,..., %)

This completes the proof. O

3.1 Approximated Sets

The intuition suggests us that a model N “closed by x-approximation” should at
least contain all sets x-approximated in M.

Definition 3.4. Let.o/yy ={X € V: X k-approximated in M}.

Clearly .«/)s is M C .o/py C V as required, however it is not a model of zrc:
/) satisfy all axioms in zrc except for pairing, power set and comprehension.
This fact reflects on G6del operations in .</),.

Theorem 3.5. The class .</y; of sets k-approximated in M is closed under all
Gaodel operations except pair.

Proof. Let X, Y be sets in .¢/);, z € M be of size < k, and C € M be such that
XUY c C. We will examine the operations Gy,..., Gy in a convenient order.

2. XxY)nz=[(Xndom(z))x (YNran(z))]Nz € M hence G»(X,Y) € .o/y,.
4. (X\Y)Nz=(XnNnz)\(YNz)e Mhence G4(X,Y) €.a,.
5. (XNnY)Nnz=(Xnz)N(YNz)e M hence G5(X,Y) € .o/).

3. e(X,Y)=(XxY)n{(x,y)eC?: x ey} hence G3(X, Y) € .&/\ by the pre-
vious point.

7. Letran(X)Nz = A, by choice in V' let B such that X[B] = A and X restricted
to B is 1-1; so |B| = |A| < k. Then by x-covering let B ¢ B’ € M with
|B’| < k. Now ran(X)Nz =ran(X N B’)Nz € M then ran(X) € .9),.

By the same way can be obtained G;(X) =dom(X) €.¢/);. Also, f[X] € ./
when f, X € .o/, since f[X] =ran(f N(X x ran(f)) € .o/).

6. |JX = fIX] where f={(x,y) € C?: y €x} € M, hence Gg(X) € .¢/j by the
previous point.
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8. Gs(X) = f[X] where f : dom(C) x ran(C) — ran(C) x dom(C) is such that
f{a,b)) = (b,a), hence Gg(X) € .o/» by the previous point. The other
converses operations Gg, G1o are obtained similarly.

Notice that .¢/) is also closed by finite unions,
(XuY)Nnz=(XNnz)u(YNz)eM hence (XUY)eE .oy

This property usually follows from closure under G; and Gg, but .o/j; is not
closed under G; so this property is in fact independent from the others. O

Since .¢/); is almost closed under Godel operations, it turns out to satisfy a
restricted form of comprehension, that will be useful later.

Theorem 3.6. Let M be a inner definable class model of zec. The class .</y; of
sets k -approximated in M satisfies comprehension relativized to M, i.e. for every
A, By,... By € .9y, ¢ formula, exists X € .o/ such that

X={xeA: ¢(x,B\,..., Bn)}
Proof. Let us prove that
X={(x1,....xp) €A1 X ... x Ay s @M (x1,..., %, Br,..., B}

is in .¢/)s, with ¢ as in the hypothesis, Ay, ..., Ay, B, ... By, in .oy We will prove
it by induction on the length of ¢, using the previous Theorem[3.5
Let| JAicCeM.If ¢ is

o x;=xj,x; €x;j: then ¢ =M and

X= (nAi) ﬂ{(xl,...,xn) €C": x;=x;j (resp. x; exj)}

Bi=xj, Biex;: then ¢ = ¢pM and
X= (l_[Ai) m{(xl,...,xn)GC”: B; =x; (resp. B; exj)}

if B; isin M, X =0 otherwise, since all x; will always vary in M.

xi€Bj:thenp=¢Mand X=A; x...xA;_1 X(A;NBj) X Ajy1 X ... X Ap.
) thenX:(]_[Al-)\{(xl,...,xn)eAl X...XAp: YM],

¢1 A lﬂg: then

X:{(xl,...,xn)eAl X...XAp: 1p]1\4}ﬂ{(x1,...,xn)€A1 X...XAp: é‘/’}
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e dx,41 Y: by definition, we have
X:{(xl,...,xn) €A1 X...XAp: Axpp1 €M) i,bM}
By collection in V, given Ay, ..., A, there must be an Y € V such that

Axpr1 (xEMAYM) & Fxup1 €Y (x €M AYM)
< Axp €(YNM) YyM
< dxpr1 €Ann ’PM

where A, +1 € M is such that YN M C A4, by almost universality of M in
V. Thus we can obtain X as

deoml,,n({(xl,...,xnﬂ) EAIX...XAp1: wM}) O

Remark 3.1. This same result could have been proved for any class ¢ closed
under all Gédel operations except pair, such that M Cc 6 c 2V(M)C V.

3.2 ZFCin M

The class .¢/); can not be a candidate for a k-approximation closure of M, as it
contains only subsets of M. Instead of .¢/j; we will then consider the following.

Definition 3.7. Let M = |J {TIg[X]: R € .d/\ well-founded relation R C X2},
with Il transitive collapse of R in V.

Intuitively, the class M" should contain .¢; in order to be a K-approxi-
mation closure of M.

Lemma3.8. .oy, C M .

Proof. Let Abein .o/, trcl(A)c Ce M. Then R=(Ax {C}H) U €(C,C)isin .o/
and has transitive collapse ITg : (CU{C}) — M" with IMz(C)=A;thenAe M. O

In order to prove that M" is a model of zrc, we will assume from now on that
2M(2)is stationary in 2 V(2), for some fixed A (hence for every A/, by lifting and
projection lemma).

Lemma 3.9. For every ¢ formula, with parameters Ay, ...,A, € N that appears
only at the right side of €, and x,, ..., x, free:

OdN(x1, .., X0 AINN, .. A NN) — ¢N(x1,..., X0, AL ... Ap)
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Proof. Follows by induction on ¢, from the fact that every x; appearing in ¢~
will always vary in N, hence x; €EAj NN « x; €A;. O

Definition 3.10. Given A well-founded relation, ¢ formula, let Ry 4 be defined
by transfinite recursion on A using ¢ as follows:

Rag = {(x,y) edom(A)*: ¢(x,y,A,Ray N [pred(x,A) x pred(y,A)])}

Theorem 3.11. If A is a well-founded relation in .oy, ¢ is a formula with pa-
rameters only at the right side of €, then Ra ¢ is in .c/).

Proof. Let 0 be a regular cardinal with A, Ry ¢ € H(0)". Given N € V such that
N = H(0)Y, A,Rap €N, IN| <k, we first prove that Rz, ¢ = Ra,p N N2

Suppose by contradiction that (x,y) is a minimal pair (with respect to
A-rank) in N? with (xRa,¢y) < —(xRynn2,4¥). Then:

XRann2, gy = @N(x,y,ANN?,Rynn2, N [pred(x, AN N?) x pred(y, AN N2)])
—  @N(x,y,ANN?,Ryp2, 4 N [pred(x, A) x pred(y, A)] N N?)

by minimality of (x,y ), Ra,¢ and R4~z 4 coincide below (x,y), then:

XRannz,gy > @ON(x,y,ANN?, Ryqn2 4 N [pred(x, A) x pred(y, A)] N N?)
— ¢N(x,y,ANN?, Ry 4 N [pred(x,A) x pred(y,A)] N N?)
—  ¢N(x,y,A, Rap N [pred(x,A) x pred(y,A)])

The last equivalence followed from Lemmal3.9} Now by N < H(6)":

¢N(x,y,A, Ra,p N [pred(x,A) x pred(y, A)])

XRannz 9y
— NE@(x,y,A,Rag N [pred(x,A) x pred(y,A)])

H(0)" E¢(x,y,A,Ra N [pred(x,A) x pred(y,A)])
xRA,¢y

in contrast with (xRa,¢y) <= —(xRann2,¢Y). Then Ryqnz ¢ = Ra,p N N2.
Now since #M(A) is stationary, given z € M, |z| < k, by lifting let N be as
before with dom(z)Uran(z) c N, ANN € M. Then z € N2, A C A2, and:

RagNz=RayNN*NzZ=Ryrn2,3NZ=Ranzzan2 N2 =Rananpg N2 €M

since ANN € M of size <k and A € .¢/);. Then Ry ¢ € .9/, as required. O

Corollary 3.12. If R € .o/ is a well-founded relation R C X?> € M, there exists
an extensional well-founded relation R’ € .<fy such that R’ C X?, llg C [lg and
Mg [X]=Mg[X].
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Proof. Without loss of generality, suppose X = A. Let T be defined by recursion
on R as:

T = {{a,b)eA?: [Va’eA(a’,a)eR—3Ib’ € A(b’,b)eRA(a’,b') € T]
AIVb e A(b’,b)e R—3Ia’ e A({a’,a)e RA{a’,b’) e T}

The relation T above is such that (a,b) € T < IIr(a) =11z(b), and by Theorem
T € .o/p;. From T we can now define a set A C A that contains exactly one
preimage for every x € IIz[A], as

A={ier:VjeA(i<j—(i,j)¢ D}
This set is in .&/js by Theorem We can now define R’ C A as
R'={(a,b)€A’: 3a’ €23’ €A ((a’,a) e TA(b',b)e TA(a’,b')€R)}
R’ is in .¢/p; by Theorem 3.6} and is therefore an extensional well-founded rela-
tion with ITp/ [A] =ITR[A]. O

Lemma 3.13. Theclass M is closed under all Gidel operations.

Proof. Without loss of generality, let X, Y be such that X =Ilg(a), Y = IIs(f),
where R, S € .¢7)s are well-founded relations R, S C A2.

1. Let T be defined by:

T = {{(0,0,(0,))): (i,j) € RFU{{{L,1),(1,/)): (i,]) €S}
u{(0,a),(1,8)} x{(2,0)}

T is in ./ by Theorem|3.6] hence G, (X, Y) =TI7((2,0)) e M".

2. Let T be defined by:

T = {{(0,1,(0,j)): (i,j) € RFU{(LD),(1,/)): (i,]) €S}
UL{0,7),(2,i)): i <2}

U{{(0,0),(3,8,7)) : 1,j <A}U{{(L,j),(3,4,j)): i,j <A}
U{{2,0),(4,4,j)): 1] <2AU{((3,5,7),{(4,1,)) - i,j <A}
U{(4,i,j): (i,a) e RA(j, B) €S} x {(5,0)}

T isin .¢/jy; by Theorem hence G(X,Y)=I17((5,0))eM".

3. Let T be defined as in the previous point. Let 77 € .¢/); be extensional with
the same collapse as T by Theorem3.12] and 7’ be the unique element in
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dom(T") with IT7(y’) =II7({5, 0)).
Let T” be defined by:

T"=T'U{x edom(T"): (x,7") € T'A(Jy,z €dom(T") ¢(x,y,2)) } x{(5,1)}
where ¢(x,y,z)is

¢(x,y,2) = (y,z2)eT" AN [Vwedom(T') (w,x)eT' — (y,w)eT’]
A [Fwedom(T’) (w,x) e T’ AN{z,w) € T’

T” isin .¢/pr by Theorem hence G3(X,Y)=117({5,1)) eM .
4. Let T be defined by:
T = {{(0,0),(0,j)): (i,j) e RYU{{(1,0),(1,j)): (i,j) €S}

Let T’ € .¢/) be extensional with the same collapse as T by Theorem 3.12
and o/, B/, be the unique elements in dom(7”) with TIr(a’) = ({0, a)),

(B =Tr((1, B)).
Let T” be defined by:

T = T'Uf{xe@xA): (x,a)eT' ANx,B’)¢ T} x{(2,0)}
T” isin .¢/ps by Theorem hence G4(X, Y)=1II1((2,0)) eM" .
5. Let T, T/, &/, B’ be defined as in the previous point. Let T” be defined by:
T = T'UufxexA): (x,&)eT' A{x,p’)eT'} x{(2,0)}
T” is in .c/ps by Theorem[3.6] hence Gs(X, Y) =TI7+((2,0)) € M.
6. Let T be defined by:
T = RUdom(RN(Axdom(RN(Ax{a})))x{A}

T is in .¢/j; by Theorem hence Gs(X)=IIr(A)eM" .

7. Let R’ € .¢/j be extensional with the same collapse as R by Theorem[3.12]
and o’ be the unique element in dom(R’) with ITz(a’) =IIg(a).
Let T be defined by:

T = Rufier:3jeroli,j)}xn

Where ¢(i,j) = (j,&’) € R AVk € A ((k,j) € R — (i,k) € R’). Tisin .c/y
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by Theorem If X is arelation, G7(X) =dom(X)=IIy(A) € M.

If X is not a relation, replace ¢ in the definition of T with

Y(i,j) = ¢(i,j) A F2ker ((k,j)ER)
A 3=2hei (3keA (hk)eR Ak, j)ER)
A FFherF ke (hk)eR A(K,j)ER)

Now G(X)=TIr(A)eM".

8. Let R/, o’ be defined as in the previous point. Let T be defined by:
{((0,1),(0.7)): (i.]) € R}
u{((0,7),(1,i)): i €A}
U{{(0,8),(2,j)): (i,j) ER'AF=2k €A (k,j) e R'}
uf{{(1,i),(2,j)): 7'k e (i,k)eR'A{k,j)€R'}
U{(2,7): (i,a') € R’} x {(3,0)}

T isin .o/p by Theorem If X is a relation, Gg(X)=I17((3,0)) e M.

If X is not a relation, we can also obtain Gg(X) € M" in the same way we
did in the previous point.

Finally, the fact that Go(X), G10(X) are in M" is a minor variant of the above
proof for Gg(X). O

It is not known if the class M" can be almost universal, hence M" might fail
to be a model for zr. From now on we shall say U(M) for the sentence “M" is
almost universal”.

Theorem 3.14. Assume M «k-covers V and U(M), then M Ezrc.

Proof. The class M is trivially transitive, as a union of transitive sets.
Furthermore, by Lemma MK is closed under Godel operations hence
M" E zE by Theorem[3.3|
Let us verify the axiom of choice in M. GivenAe MK, A€llg[X], Risin .oy
hence in M" by Lemma and also Il € M" since M" E zr. Fix a well-order
(X,<)in M, and define a corresponding well-order (A, <): given a,b € A,

a <b < min (Hgl(a)) < min (Hgl(b))

This is a well-order on A definable in MK, hence M k zrc. O

. . _K
3.3 Characterization of M
The model M" satisfies some more properties, inherited from M:
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Proposition 3.15. Assume M x-covers V and U(M), then M" k-covers V.

Proof. LetA cM",|Al<k.Let Be M" withAcC B and f: B — Abijection in M.
f[A] is a subset of M of size <k so f[A]c Ce M, |C| <k.
ThenAc f~'[CleM", |f~'[C]| <. O

Proposition 3.16. Assume M k-covers V, then ZMON = Q”KM “ON.

Proof. Firstlet Abein QKMK Kk, B=trcl({A}). Since A M", let A € ran(I R)-

Since |B| < k, we have HEl [B] € C € M, |C| < k by k-covering. Then
RN(C x C)isin M, and A € ran(I1lgncxc)) € M, as required.

Nowlet A bein WKFON. By k-covering let B € M be superset of A of size < x,
and f: B — k be a 1-1 function in M. f[A] is a subset of k, then f[A] € QJKMKK
and f[A] € M as proved before. Then also A= f~1[f[A]] € M. O

Furthermore, M" is “closed by k-approximation”, as required:
Lemma 3.17. Assume M k-covers V and UM), then M" K-approximates V.

Proof. LetA€ o3, ACCE M" and f: C — A bijection in M". As in Theorem
B = f[A] C ON is in .¢/+z«, and then also in .¢/)s: in fact, BNz = BNz NON,
BNzNONe QK.MK ON =2MON by Lemma hence B € .4/).

By Lemma(3.8) B€./y C M thenalso A= f~![B]€ M", as required. O

Infact, M can be characterized as the minimum class having such proper-
ties, hence justifying our claim to be a “closure” of M:

Theorem 3.18. Assume M k-covers V and U(M), then M" is the smallest transi-
tive class M C V such that:

o M CM,
e MEzrc,
e M k-approximates V.

Proof. From Lemma and we have that M" meets the last two require-
ments asked for M. From M C .¢/y; and Lemmal3.8/ 77" meets also the first one,
so it suffices to prove that for every such M, M" c M.

First prove that .«/y; C .of5;. Given A € .o/, z € M, |z| < K, by k-covering
(zNM)cCeM,soANz=ANMnz=(ANC)Nz €M hence A € .o/5;.

Now let R be a well-founded relation in .¢/y C .¢/37. Since M k-approximates
v, VQfM:MthenRGM,HRGMhenceMKCM. O
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