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A multi-valued (total) function from a set X to another set Y is a
function F : X — P(Y) \ {0} i.e.. F maps points to non-empty sets.
Such a function F will be denoted by F : X = Y.

From now on we assume that X and Y are metric spaces.

Definition. Let (X, p) and (Y, d) be metric spaces; a multi-valued
function F : X = Y is contfinuous at x if

(Jy € F(x))(Ve > 0)(3§ > 0)(Vx' € By(x,0))[F(x') N Ba(y,e) # 0]

Question (Martin Ziegler). We know that the set of points of confinuity of
a usual function is a M9 set. Assume that F is a multi-valued function
such F(x) is closed for all x, what can be said about the complexity of
the set of points of continuity of F?



Theorem. Let (X, p) and (Y, d) be metric spaces with (Y, d) being
separable and let F : X = Y be a multi-valued function.

(o) If the set F(x) is compact for all x € X then the set of points of
continuity of F is M3.

) IfY = UnKn where K, is compact with K, C Kr?1+1 for all m and
the set F(x) is closed for all x € X, then the set of points of
continuity of F is X3.

Corollary. Suppose that X is a metric space andthat F: X = R™isa
multi-valued function such that the set F(x) is closed for all x € X.
(a) The set of the points of continuity of F is Zg.

(b) If moreover the set F(x) is bounded for all x € X then the set of
points of continuity of F is I'Ig.



Sketch of the proof. In the single valued case we know that a function
f : X — Y is continuous at x if and only if

(Vn) inf{ sup{a((x), (x')) | X € Bo(x,8)} |6 >0} < n%]

For(a)let {y; | s=0,1,...} be densein Y; we have that:

F is continuous at x <=

1
(Vn)(3s)inf{ sup{d(ys, F(x')) | x' € By(x,8)}|d >0} < o
For fixed n and s the relation
Pns(x) <= inf{sup{d(ys, F(x')) | x' € By(x,6)} | 6 >0} < 15
defines an open subset of X.

For (b) we replace F(x') with F(x") N Ky, and we start our condition as
follows (Im)(Vn)(3s).



The previous results are optimum.

Theorem. There is a multi-valued function F : [0, 1] = R such that the
set F(x) is closed for all x and the set of points of continuity of F is not
I—Ig. Therefore the Zg-cnswer is the best possible for a multi-valued
function F from [0, 1] to IR.

Lemma (almost obvious). Suppose that X; and Y are metric spaces
and that Xj is a closed subset of X;. Given a multi-valued function

F : Xo = Y we define the multi-valued function F : X; = Y as follows:
F(x) =F(x) ifx€Xpand F(x)=VY ifx€ X \ Xo.

Denote by Cz and Cr the set of points of continuity of the
corresponding multi-valued function. Then

Cz = CeU (X1 \ Xo).



Sketch of the proof of the Theorem. From the previous lemmai it is
enough to define the multi-valued function on 2¥*“ . A typical example
of a X3 set which is not I3 is the following:

R={y €2 | (3m)(vn)(3s > n)ly(m,s) = 1]}.
We denote by R, the m-section of R. Define F : 2“*“ = R as follows
1
F(y) = € Rn} U - R},
(V={m|yeR}U{m+ ) 2 | v & Rm}
where

n(y,m) = the least n {for alls > n we have thaty(m,s) = 0}.

for v € Ry. Then F is continuous at v exactly when v € R.



Corollary. Define F(Y) = {C C Y | Cis closed}. We can view
every mulfi-valued function F : X = Y with closed images as a usual
function F : X — F(Y). It is not true in general that if F : X = Y there is
a metrizable topology on F(Y) such that for all x € X, F is continuous
at x € X in the sense of multi-valued functions exactly when

F: X — F(Y) is continuous at x in the usual sense.

One can ask what is the best that we can say about the set of points of
continuity of F without any additional topological assumptions for Y or
for F(x).

Proposition. Let (X, p) and (Y, d) be complete and separable metric
spaces and let F : X = Y be a multi-valued function such that the set
F C X x Yis analytic. Then the set of points of continuity of F is analytic
as well.

We will show that this result is optimum.



Theorem. There is a multi-valued function F : C = A such that the set
F(x) is closed for all x € C and the set of points of continuity of F is
analytic and not Borel. Moreover the set F is a Borel subset of C x N.

Idea of the Proof. A set of finite sequences of naturals T is a free on the
naturals if it is closed under initial segments. The set Tr of all frees on the
naturals can be viewed as a closed subset of C. From the previous
lemmai it is enough to define F on Tr. The set of all ill-founded trees i.e.,
the set of trees which have an infinite branch is analytic and not Borel.
The idea is to define F in such a way so that for a tree T we have that

F is continuous at T <= T is ill founded.
We define F : Tr == N as follows

F(T) =[TT'1u{v"(0,0,0,...) | vterminalin T"'}



Remark. There is a multi-valued function F : [0, 1] = [0, 1] for which the
set of the points of continuity of F is analytic and not Borel. Moreover
the set F is a Borel subset of [0, 1] x [0, 1].

Definition. Let (X, p) and (Y, d) be metric spaces; a multi-valued
function F : X = Y is strongly confinuous at x if

(Vy € F(x))(Ve > 0)(38 > 0)(Vx' € By(x,8))[F(x') N Ba(y,e) # 0].
Remark. Let A be a dense subset of [0, 1]; define the multi-valued
function F : [0, 1] = {0, 1} as follows

F(x) = {0}, ifx € Aand F(x) = {0,1} if x € A,

for all x € [0, 1]. Then the set of points of strong continuity of F is exactly
the set A.



Theorem. Let (X, p) and (Y, d) be metric spaces with (Y, d) being
separable and let F : X = Y be a multi-valued function such that
Fis a ¥J subset of X x Y.

(0) If Y is compact and the set F(x) is closed for all x € X then the set
of points of strong continuity of F is I'Ig.

) IfY = UnKy where K, is compact with K, C K,‘;,H for all m and
the set F(x) is closed for all x € X, then the set of points of strong
continuity of F is Zg.

Sketch of the proof. Recall the basic equivalence in the proof of the
first theorem: F is contfinuous at x exactly when

(Vn)(3s) inf{sup{d(ys, F(X')) | ¥ € Bo(x,0)} | § >0} < #

In the case of strong continuity one replaces (Vn)(3s) with

Vn)(Vs with d(ys, F(x)) < ————
(¥n)(vs with (s, F(3)) < 305
the assumption about the graph of F.

). This is exactly where we need



Proposition.

Let (X, p) and (Y, d) be complete and separable metric spaces and
let F : X = Y be a multi-valued function such that the set F C X X Y'is
analytic. Then the set of points of strong continuity of F is the coanalytic
set.

Question. Are the results about strong continuity opfimum?



The Fell topology on F ( Y) is the topology which has as basis the family
of dll sets of the form

w = W(K,U],...,Un)
{CeF(y) | cnk=0& (Vi< n)[Ccnu # 0]},

where K is a compact subset of Y and U, . . ., U, are open subsets of
Y. If Y is a locally compact Polish space then the Fell topology is
compact metrizable.

Proposition. Consider a multi-valued function F : X = Y, with Y Polish
and suppose that F is a closed subset of X X Y. Then the mulfi-valued
function F : X = Y is strongly continuous at x € X exactly when the
function F : X — F(VY) is continuous at x with respect to the Fell
topology.

It follows that in the case of multi-valued functions with closed graph
and range a locally compact Polish space, the notion of strong
continuity is metrizable.
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